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Abstract 

We study analysis over infinite dimensional manifolds consisted by sequences of almost Kaehler 
manifolds. We develop moduli theory of pseudo holomorphic curves into such spaces with high 
symmetry. Many mechanisms of the standard moduli theory over finite dimensional spaces also work 
over these infinite dimensional spaces, which is based on a simple functional analytic framework. 

Introduction 

Global analysis of infinite dimensional spaces is one of the central theme to 
study in geometry. There would immediately occur several difficulties when 
we try to follow and apply any established methods over finite dimensional 
spaces, one of whose main reasons come from locally non compactness. 
Still the extensive developments have been achieved from the view points 
of the metric spaces, which essentially measure one dimensional objects. 

In this paper, we study infinite dimensional geometry and analysis from 
two dimensional view points, and introduce a class of infinite dimensional 
geometric spaces consisted by sequences of embeddings by finite dimen- 
sional manifolds. We develop a foundation of analytic tool to perform 
some functional analysis under the conditions of high symmetry over such 
spaces. 

Moduli theory of pseudo holomorphic curves turned out to be the very 
powerful tool and has become one of the central theme in symplectic ge- 
ometry. From the view point of infinite dimensional geometry, it has led 
us to study almost Kaehler sequences [{Mi, Ui, Ji)] which consist of families 
of embeddings by almost Kaehler manifolds: 

[(M„ cj„ J,)] = (Mo, cjo, Jo) C (Ml, cji, Ji) C • • • C (M„ cj„ J,) C . . . 
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In order to develop global analysis over these spaces, we introduce several 
set-ups of function spaces. Based on the analytic fields, we study maps 
into these infinite dimensional spaces. In particular we develop the moduli 
theory of pseudo holomorphic curves into such sequences from two dimen- 
sional spheres. Our construction provides with two main ingredients. One 
is Fredholm theory for the linearlized maps, where it requires two con- 
ditions, closedness of the maps and finite dimensionality. The other is 
non linear analysis where it also requies two conditions, regularity of holo- 
morphic maps and compactness of the moduli spaces. We discover that 
these properties also hold over the infinite dimensional spaces under the 
conditions of high symmetry. 

As an application, these constructions allow us to calculate or estimate 
the capacity invariants over such infinite dimensional spaces. Capacity 
invariants have been introduced by Hofer and Zehnder with the axiom of 
the invariants over finite dimensional symplectic manifolds ([HZ]). Kuksin 
extended the construction of the capacity invariants over symplectic Hilbert 
spaces, and investigated invariance under the flow maps ([Ku], [B]). It 
turned out that they play an important role in relation with Hamiltonian 
PDE, whose phase spaces are infinite dimensional. 

This paper is organized by three constructions: 

(A) Formulation of a class of infinite dimensional spaces which allow us 
to analyze passing though infinite dimensional local charts. Infinite dimen- 
sional spaces behave quite flexibly under embeddings from each other. It al- 
lows us to introduce the infinitesimal neighbourhoods of such spaces, which 
are consisted by 'convergent sequences' of infinite dimensional spaces. These 
notions would provide us with rich classes of spaces which are able to apply 
our functional analytic methods. 

(B) Construction of the moduli theory into such infinite dimensional 
spaces. 

(C) Analysis of the capacity invariants over such spaces and their cal- 
culations. Combining with these constructions, we study stability of the 
capacity invariants under deformation in the infinitesimal neighour hoods. 

Let us explain more details of the contents. 
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We carefully introduce the differentiable functions over the infinite di- 
mensional spaces, which should be able to be extended over their comple- 
tion to the Hilbert manifolds. 

We will verify that many mechanisms of the moduli theory of holo- 
morphic curves work over almost Kaehler sequences with some symmetric 
conditions. Many of the infinite complex homogeneous spaces satisfy such 
symmetries. 

[{Mi, LJi, Ji)] is said to be a symmetric almost Kaehler sequence, if for any 
/c > 0, there are some / = /(/c), families of almost Kaehler submanifolds 
Mk G Wi C Mi for alH > / with Wi = Mi and isomorphisms: 

Pi : {(M, Mk),uj, J} = {(M, Mk),uj, J} 

with M = UjMj, which preserve Mk and transform Wi to Mi as: 

Pi : iWi,uJi\Wi,Ji\Wi) ^ [MuuuJi) 

so that at any j9 G Mfc, : TMk ®i>i iV^,fc = TM\Mk give the uniform 
isomorphisms over Mk with respect to the complete local charts, where 
Ni^k are isomorphic to the normal bundles of TMk C TMi\Mk: 

A^i,fc = (i^"')*[(Ker (7rfc),nrM0|Mfc)], Dp = id (P/)* (Pm)* © • • • 

(Precisely see def 1.4.) Symmetric Almost Kaehler sequences satisfy the 
uniform isomorpshims which is one of the main property we need: 

TM\Mk = TMk®{Nk,i®'R'^). 

Our infinite dimensional geometry relies on the following functional an- 
alytic property: 

Lemma 0.1 Let F : H ^ H be a bounded operator with closed range and 
finite dimensional kernel. Then for any closed linear subspace L C H and 
the Hilbert space tensor product L<^W with another Hilbert space W , the 
image of the induced operators: 

(F(g)l)(L(g)VF) dH^W 

also have closed range. 
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Now let us introduce several functional spaces in order to develop moduli 
theory of holomorphic curves. Later on we fix two points j^o^J^oo £ Mq C M. 
Let E{J)i, Fi S"^ X Mi be vector bundles whose fibers are respectively: 

E{J)i{z, m) = {(j) : TzS'^ i-)- T^Mi : anti complex linear }, 
Fi{z,m) = {(/) : T^S^ ^ T^M^ : linear}. 

For fixed large / > 1, let L'i^i{S'^, Mi) be the sets of Lfj^-^ maps from 5^ 
to Mi, and define the spaces of Sobolev maps: 

^i = ^iia) = {ue Li^i{S\ Mi) : [u] = a, 

r 1 

Id{i) = ^<uj,a>, w(*) =p^e Mo,^e {0, oo}}. 

Then we have two stratified Hilbert bundles over 05^: 

^i = m^]{E{J),)) = U,,^,W X LKu*{E{J),)), 
= ^m{Fi)) = U^e^^u] X L^iu^F,)). 

These spaces admit continuous actions. 

The non linear Cauchy-Riemann operator is given as sections: 

5 J e ^^{(Bi ^ 05^), dj{u) =Tu + JoTuoi. 

u is called a holomorphic curve if it satisfies the equation dj{u) = 0. The 
moduli space of holomorphic curves is defined by: 

m{a, Mi, Ji) = {ue C^iS^ Mi) n ^iia) : Bjiu) = 0}. 

J is called regular, if the linealizations are onto for all u £ Wl{a, Mi, Ji) 
and all z > 0: 

Ddj{u) : T,^, ^ (^,), 

Let M G 25 = Ui^i and take an open neighbourhood U{u) C ^. By 
introducing the Sobolev norms, one can make completion U{u) C U{u). 
Notice that elements in U (u) cannot be realized by maps into M = Ui-Mj 
in general. Let: 

Bj : U{u) ^ e\U{u) 

be the extension of the CR operator over the completion. The differential 
of the operator is not necessarily onto even if it is regular, where the range 
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may not be closed. An almost Kaehler sequence is said to be strongly 
regular, if the extensions are onto at all: 

u e mt([(Mi, Ui, Ji)]) = Ui m{a, Mi, Ji). 

This is the key property of moduli theory we develop in the infinite dimen- 
sional setting. 

Theorem 0.1 Let [{Mi,uji, Ji)] be a symmetric Kaehler sequence. 

(1) Suppose it is regular and dim Uj Ker DuBi = N is finite, then it is 
in fact strongly regular of index N. 

In particluar 9Jt([(Mj, a;^, Ji)]) is a regular N dimensional free mani- 
fold. 

(2) Assume moreover it is isotropic, and each connected component of 
9}t([(Mj,a;i, Jj)]) is hounded. Then the equality holds: 

m{[{M,,Ui, J,)]) = 2K(Mo,a;o, ^o)- 

In particular if it is minimal, then 9Jt([(Mi, a;j, Ji)]) is compact. 

The second condition in (2) is satisfied when N = \ (2.D). 

Stability of geometric structures is one of the central theme in geometry 
and analysis of dynamics. Let us say that a family of almost Kaehler 
sequences converges : 

{[{Mlulj'i)]}i>r^[{M,,Ui,J,)] 

as / — )• oo, if there are positive e > 0, subindices {k{i)}i and C°° and 
compatible embeddings: 

/(i, l):Ml^ Mkii) 

such that: 

(1) {/(z, l){M^i)}i>i C Mfc(,) converges to Mi in Mk(i) in for each i, 

(2) there are uniform extensions of almost complex J(i, I) and symplectic 
uj{i,l) structures over the open e tubular neighbourhoods: 

I{i, l)[M\) C U{i, 1)CM = UiMi 
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(3) there are compatible families of holomorphic maps: 

7ri:iUik,l),Jik,l))^iMlJl). 

(Precisely see def 3.1.) Analysis of perturbations of moduli theory is to 
study asymptotic behaviour of structure of moduli spaces as / — oo. 
In light of this aspect, we introduce the infinitesimal neighbourhoods of 

[(Mi, a;,, J,)]: 

OT([(M„cu„J,)]) 

which consist of the equivalent classes of the isomorphism classes of con- 
vergent families of almost Kaehler sequences, where: 

{mi,ujiJi)]}i>i - {[(Mf Uf ^)]u>i 

for all infinite subindices. 

We say that the infinitesimal neighbourhood is strongly regular, if for 
any element [[{M-, uj\^ J?)]] G OT([(Mj,a;j, J^)]), there is a large Iq so that for 
all I > Iq, [{M-,ujI, J-)] are all strongly regular. 

In general regularity condition in moduli theory is not stable under con- 
vergence of almost Kaehler sequences. We verify that strong regularity 
condition overcomes this difficulty and controls analytic behaviour of holo- 
morphic maps. 

Suppose [{Mi,LOi, Ji)] satisfies all the conditions in theorem 0.1: (1) reg- 
ular, (2) minimal, (3) isotropically symmetric and (4) Kaehler sequence. 
(5) Moreover assume the moduli space 9K([(Mj, a;^, Ji)]) is 1-dimensional. 

Then by theorem 0.1, the followings hold: 

(A) DJl{[{Mi,iJi, Ji)]) = 9}t(Mo, Wo, Jo), and both are compact. 

(B) [(Mj, cj^, Ji)] is strongly regular. 

Let us introduce another geometric condition which can be applied to 
analysis over infinitesimal neighbourhoods. [(Mj, Wj, Ji)] is quasi transitive, 
if for any > 0, there is k = k{N) so that automorphisms A : (M, cj, J) = 
(M, CJ, J) exist with A{pi) G for any po, . . . ,Pn-i & M = UiMi and all 
0<i<N -1. 
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Theorem 0.2 Assume moreover that (6) [(M^, cj^, J^)] is quasi transitive. 
Then the fallowings hold: 

(C) 9T'^([(Mj,a;j, Jj)]) is strongly regular. 

(D) There are homeomorphisms: 

m[[[Mi,Ui,Ji)])^m[[{MlM.Jl)]) 
for any [[{MIujI J\)]] G W{[{Mi,uj^, J,)]) and all large I. 

Here m stands for minimality of maps in Ti2- 

In particular [D) implies that roughly speaking there are no 'divergent 
sequences' G 9Jl([(Mj?, cj-, J-)]) which approach to be holomorphic with 
respect to J, but they do not converge to ant elements in 9)t([(M^,a;i, Ji)])- 

We apply the analysis of moduli theory over almost Kaehler sequences 
to Hamiltonian dynamics. 

Let (M, uj) be a finite dimensional symplectic manifold. A Hamiltonian 
function / : M i-)- [0, oo) gives the Hamiltonian vector field Xf by the 
relation df[ ) = )• A pre-admissible function is called admissible 

if any non trivial periodic solutions have their periods larger than 1. 

Suprimum of the widths sup / — inf / among all the admissible functions 
is called the capacity invariant of (M, cj), which contains deep information 
in Hamiltonian dynamics. 

The capacity invariant cap([(Mj, cjj, Jj)]) over almost Kaehler sequences 
are straightforwardly defined by use of bounded Hamiltonians / : M — )• 
[0, oo) over M = U^M^. 

In order to study the capacity invariant over perturbations of almost 
Kaehler sequences, it turns out that the asymptotic periodic solutions of 
Hamiltonian arise quite naturally, which consist of a family of loops Xi : 
[0, T,] M, with: 

swp\xi- Xf.{xi)\{t) ^0, i ^ oo. 

Instead of periodic solutions, one can use asymptotic periodic solutions 
over Hamiltonians and define admissibility in a parallel way. Then one 
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obtains an analogue of capacity by use of such objects, which we call the 
asymptotic capacity: 

As-cap([(M,,w^, J^)]). 

Conversely if we regard asymptotic periodic solutions as though 'periodic 
solutions' over elements of an infinitesimal neighbourhood, then it leads us 
to formulate the capacity invariant over the infinitesimal neighbourhoods: 

C-([(M,,a;, Ji)]) = sup{ limsup cap([(M^,a;J, 4)]) : 

I 

Notice that a priori estimates hold: 

C"" > cap > As-cap > 0. 



Theorem 0.3 Let [{Mi,ij, Ji)] be a minimal, isotropically symmetric and 
quasi transitive Kaehler sequence, with a fixed minimal element a G 7r2(M). 

// the moduli space of holomorphic curves is non empty, regular, 1 di- 
mensional and freely cobordant to non zero, then the estimate: 

C^{[{Mi,Ui,Ji)])<m 

holds, where m =< uj,a >. 

Here we have the results of concrete calculations: 

Proposition 0.1 (1) Let Cap be As-cap or cap. Then: 

C"^([CP^]) = CapiiCP']) = Cap{[D^']) = tt. 

(2)Ci[iT'\uj,J)]) = oo. 

Furthur research directions: Let us describe possible developments for fu- 
ture, which we partly study in this paper. 

One of the important development is study of the displacement energies, 
since our techniques in this paper can be applied for X x ACP^ if X is the 
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case with the additional condition of projective or 112 rank 1, where ACP 
is CP^ equipped with the rescaled Fubini-Study form by A > (see [LM]). 
Let M = UiMi and M be its completion to the Hilbert manifold. Let us 
consider a bounded Hamiltonian H : M ^ [0, 00) and Dh : M = M he 
the Hamiltonian vector field (5.C). 

Let us say that an open subset U C M is displaceable, if there is a 
bounded Hamiltonian H as above so that Dh{U) Ci U = (f) hold in M, 
where U is the closure of U in M. We say that H displaces U, and we 
expect the energy estimates sup^^^.j i7(m) > As-cap([/). For X C CP°°, 
let U{X) C CP°° be the maximal open neighbourhoods of X such that 
U {X) are displaceable. Estimates of capacity values of U {X) would be of 
particular interests for us, which might measure 'symplectic complexity' of 
X. Below we introduce two categories: 

(A) Projective varieties: (Finite dimensional) projective varieties admit 
embeddings into CP" for some n. Let us allow to address two types of 
questions which are of interests for us. 

Let us consider the moduli space of, say K3 surface, and take a non pro- 
jective (but always Kaehler) variety X which admit projective K3 surfaces 
Xi C CP"* converging to X in the moduli spaces. One can find some X 
such that these projective varieties must satisfy — > 00. Then we ask 
what are the asymptotic behaviour of values of {As-cap([/(Xi))}j. 

Let X be a projective variety (possibly infinite dimension), and ^ be 
the class of projective embeddings. There are canonical embeddings such 
as Veronese and Pliicker embeddings. One may wander whether positivity 
As-cap(t/(X)) > might hold for both X = Plr{Grr),Vm{CP^) C CP^. 

Let us fix < ^ < 1 and consider 6 balls: 



equipped with the standard symplectic structure. They are embedded into 



which preserve the symplectic structure compatibly with the Fubini-Study 
forms. It induces the infinite dimensional embedding I2 : B'^°°{S) C CP°°. 



B'^'iS) = {iz^, . . . 



Zr^):^ti\^i\'<S'}cC^. 



CP" by: 



(zi, . . . , G 52"(J) ^ Zi, . . . , 
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Let h : B^'^iS) ^ B^°^{6) be (zi, . . . , . . . ) ^ (0, ^i, . . . , ^n, • • • and 
consider the composition: 

S = l2oIi: B'^'^iS) ^ CP°° 

Lemma 0.2 For < 6 < 1, there are displaceable so that 

positivity holds: 

As-cap iUiSiB^°^{6)))) > 0. 
Proof: Let us choose < 6 < 6' < 1, and consider the embeddings 

52oo(^) ^ ^oo(^/>) by (^^^ . . . . . . ) ^ (0,Zi, . . . . . .). 

Let / : [0, oo) [0,1] be a smooth function with /|[0,(5^]) = a > 
and oo) = 0, where a > is sufficiently small. Let us put zq = 

xq + v^^yo and z = {zi, Z2, . . .). Then we have the bounded Hamiltonian: 

F:B'^i6')-^R, Fizo,z) = fi\zf)xo. 

Notice that it extends over CP°° by letting outside B'^'^{6'). The Hamil- 
tonian vector field is given by the form Xp = (—a, 0, *) on small neighbour- 
hood of S{B^°°{6)). In particular the first coordinate of DFiS{B^°^{6))) 
must be uniformly away from 0. This completes the proof. 

Let us list two important embeddings into infinite dimensional projective 
spaces: 

Bergman (pseudo) metrics: Let X be a finite dimensional complex mani- 
fold, and W be the space of L^-holomorphic n forms over X. The canonical 
inner product over W gives it a Hilbert space structure, which gives rise to 
the Bergman kernel form. When it is pointwisely positive, then the map 
/ : X I— > CP(iy*) is induced. When it is immersion then the Bergman 
metric is equipped over X by pull-back of the Fubini-Study. 

Rational dynamics: In [K3], we have studied analytic behaviour of ra- 
tional dynamics from the view point of scaling limits. The simplest case 
of infinite algebraic varieties will be the shift: 

5 : CP°° CP°°, [zo,zi,...] ^[0,zo,zi,...] 

whose image is given by the homogeneous polynomial F[zq^ Zi, . . . ) = Zq. 
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Let /(zo, . . . , ^n-i) be a rational function and consider the iteration 
dynamics given by the rule = f{zN-m • • • , z^^i) with the initial val- 
ues (zo, . . . , ^n-i) £ C"^. Let us say that the orbits {zn']^ are afhne, if 
(zo, zi, . . . ) G C°° C CP°° by the embedding (zq, • • • ) — > [1, zq, zi, . . . ], 
and they are rational if [l,zo,;^i, . . .] detemine points in CP°°. Now we 
have X as all the set of rational orbits. 

/ gives the recursive dynamics, if there exists some M so that for any 
initial values, the corresponding orbits satisfy the equalities zn+m = zn 
hold for all > 0. When / is recursive, non afhne orbits are parametrized 
by algebraic sets in C". 

Example: Let us consider /(zq, zi) = Zq^{1 + zi). It is well-known that 
this gives the recursive dynamics of period 5. Notice that any afhne orbits 
{zn}n must satisfy Zi ^ for all which is equivalent to zi ^ for 
< i < 4. By straight forward computations, the non afhne set is given 
by Vs = {{zo^zi) : zqZi = 0}. 

(B) Complex vector bundles: Let [Gr^^^] be the complex Grassmannians 
and put Gr^ = UiGr^^. Let M be a complex manifold of dimension 

< n < oo, and consider the classifying maps / : M — > Gr„ for TM 
with X = f{M) C Gr^. By modifying our functional spaces by change of 
dimension of fixing points as in defining the quantum cohomology, one will 
be able to apply our techniques in this paper to the infinite Grassmannians. 

1 Almost Kaehler sequences 

l.A Function spaces over local charts: For positive e > 0, let D^^(e) C 
R^^ be e ball with the center 0. We denote the 2i dimensional e cube 
D{i) = D^(e) X . . . -D^(e) by multiplications of -D^(e) by i times. There are 
canonial embeddings Di = D(i) x {0} C A+i for alH > 1. Let us put the 
infinite dimensional cube and disk by: 

D{oo) = Ui>i Di, D{e) = Uk>i D''\e) C 

respectively. Notice diam D{oo) = oo. 

l.A.l Hilbert completion: Let H be the separable Hilbert space which 
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is obtained by the completion of R°° with the standard metric on it. For 
P = {POiPii---) ^ let us denote by D(oo){p) = D(oo) + jt? and 

D{e){p) = D{e) + j9 as the infinite dimensional cube and disk with the 
center p respectively. We denote the metric completion by: 

L)(oo)(p), Die)ip) C H. 

By a neighbourhood or an open subset of p E B G R°°, we mean that 
B contains some ^ > disk with the center j9, with respect to the metric. 

Let p E B C be an open subset, and denote its closure by B C H. 
Let us consider a smooth and bounded function f : B \—>- H. We will regard 
the derivatives of f at p as the linear operators: 

V/ : TpR'^ = Ufc>iTpR2^ ^ R, : (TpR°°)®2 ^ 

where V^{f){v, w) = -^Jip + sv + tw)\s^t^o just for clarity. 

Let us denote the operator norm by | V^/|(]9), if it extends to the bounded 
linear functional: 

V'/ : {TpHf^ ^ R. 

Definition 1.1 We will say that f is 0/ completely bounded geometry 
atp= {po,pi,...) e B, if: 

(1) f\B extends to a continuous function on some neighbourhood of p in 
B{p) and 

(2) each differential V'/ : TpH 1— > R exists continuously on some neigh- 
bourhood of p in B{p) for allO<l<k (so |V'/lb) < 00 hold) 

We say / is of completely bounded geometry, if it is at any point p E B 
satisfying uniformity: 

\\f\\'C\B) = Sup^esSo<Kfc|V7|'b) < 00. 

Just completely bounded geometry implies C°°. 

A pointwise operator D on functions over B is of completely bounded 
geometry, if D extends to a smooth operator D{p) over functions of com- 
pletely bounded geometry over B{p) at each p E B. Namely the foUowings 
are satisfied: 
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(1) There is a constant C with: 

D:C\B)^C\B), \Df\{p)<C\f\{p), peB. 

We denote its extended and pointwise operator norm as 

(2) For all k, the following norms are all finite: 

\\D\fC\B) = SviPp^B^o<i<k\^^D\\p) < oo. 

D gives a complete isomorphism, if it is of completely of bounded geom- 
etry. Moreover there are constants < c < c' so that the uniform bounds 
hold for each p ^ B: 

c < \ \Dp\ \ < c'. 

For pointwisely bilinear forms, one has the parallel notion of complete 
nondegeneracy. 

Later we will always treat almost Kaehler sequences whose almost com- 
plex structures, symplectic structures or the induced Riemannian metrics 
are all completely nondegenerate (1.5). 

Example 1.1: Let C be the standard ball with the center 0, and 
consider smooth functions g,h : [0, 1] where: 

I l2 II 

g{x) = exp{— ^), h{x) = exp{-- --). 

1 — \x\^ 1 — \x\ 

Let us prepare infinite numbers of the same g and /i, and in order to 
distinguish these, let us assign indices as gi^hi : Df i— > [0,1]- Then we 
consider functions over D{oo) = Dq x Df x . . . : 

G = gogig2 • • • , H = hohih2 . . . 

by the pointwise multiplication. Both G and H are smooth on D[oo). 
They have the following properties: 

(1) G is of completely bounded geometry on the unit balls with the 
center zero, and (2) H is not at any points. 

H is not even continuous on D(oo). In fact let us choose families of points 
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MO = {Po{l),Pi{l), . . . )} C D{oo)\D{oo) with: 

\p(l)\^L'^j:r=o\Piil)?^0, l^oo, 
\p{l)\L'^^r=o\Pm = oo. 

Then clearly H{p{l)) = 0, but H{0) = 1. 

Let / : 5 — > R be of completely bounded geometry. Then the one 
form df = T,'^Zi§^dxi can be interpreted as a continuous map: 

df -.B^H. 

Then its higher derivatives give the functionals: 

V^df : TB®^ H. 

We define df is of completely bounded geometry, if / is of completely 
bounded geometry, and its higher derivatives V^df give continuous maps 
with respect to the operator norms for alH > 0. 

Lemma 1.1 Let D : C^(B,H) i-)- C^(B,H) be a pointwise linear func- 
tional, and assume it gives a complete isomorphism. Then its inverse also 
gives a complete isomorphism. 

Proof: By the assumption, the inverse: 

D-^ : C\B,H) ^ C\B,H) 

satisfy the equalities: 

V{D-'^) = -D-i o Vi:> o D-\ 

It is immediate to see that is also of completely bounded geometry. 
This completes the proof. 

1.A.2 Local charts: Let (Mo,po) C (Mi,pi) C ... be embeddings of 
Riemannian manifolds with dimM^ = 2di, where we assume the compat- 
ibility condition gi+i\Mi = gi. We will denote such families by [{Mi,gi)]. 
For p,q & Mi, let us denote their distance in M = UiMi by: 

d{P:q) = inf q). 
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We denote e tublar neighbourhood of Mi by Ue{Mi) C M: 

UeiMi) = {meM : d{m, Mi) < e} 

Let us recall Z)^*(e) C R^* and D{p) be as in l.A.l. Below we regard 
the Riemannian metrics g = {gi}i as the pointwise operator over the local 
charts TpD = UiTpD'^^e), p ^ D. If p is of completely bounded geometry 
at p G D, then one can extend it to an operator on the Hilbert families 
TpD{p). 

Definition 1.2 The Riemannian family {gi}i is uniformly bounded, if the 
following conditions are satisfied. There exists a positive e > such that: 

(1) Every point p G M = UjM^ admits a stratified local chart: 
D^\e) C c • • • C R2^, ifip) : ^(e) = U^D^\e) ^ U^M^, 
^{P)i = ^{p)\D'He) ^ Mi, ip{p){0) = p. 

(2) With respect to (p{p) as above, the induced Riemannian metrics {gi}i 
are uniformly of completely bounded geometry. This means that for any 
I > 0, there are constants C{1) > independent of p so that the estimates 
hold: 

Supp^MSupmeUiD^i{e)^o<k<i\^^Mpy9)\im) < C{1) (*) 

(3) There is an increasing and proper function h : (0, oo) — > (0, oo) so 
that for any i, any pairs of points p,q ^ Mi satisfy the uniformly bounded 
distance property: 

d{p,q) > h{d^{p,q)) 
where di and d are the distances on Mi and M = UjMj respectively. 

We will say that the stratified local charts as above are complete local 
charts. Also the above family '^{p))} will be called a uniformly bounded 
covering. Later on uniform implies independence of choice of points as 
above. 

Let f : M = UiMi i-^ R be a bounded smooth function and: 

^ipYif) : Die) ^ R 
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be the induced functions with respect to the uniformly bounded cover- 
ing. We say that / is of completely bounded geometry, if all <-p{py{f) are 
uniformly of completely bounded geometry as: 

||/||C^(M) ^ sup Mpnmc'iDie)) < Cu 

peM 

for all A; = 0, 1, 2 . . . and some constants Ck independent of p G M. 

Lemma 1.2 Let [(M^,^^)] be Riemannian embeddings as above with a uni- 
formly bounded covering {{p,ip{p))} with e > 0. Then expp : D{e') i-)- 
^(e) exists and is smooth, with respect to the induced Riamannian metrics 
(fipYig), where e > e' > and we regard D{e') C To-D(e). 

For a proof, see [Kl] (p57, pl2). Notice that the geodesic coordinate does 
not preserve the stratifications. 

Let ^ : M — > R be a smooth and bounded family of functions for 
n = 0,1,2,.... We say that {fn\n converges weakly to g in C\ if the 
restrictions converge in for all A; = 0, 1, 2, ... : 

fn\Mk ^ g\Mk. 

Lemma 1.3 Let [{Mi^gi)] be a uniformly bounded Riemannian family such 
that each Mk is compact. Let fn : M ^ H be a family of smooth functions 
of completely bounded geometry for n = 0, 1, 2, . . . 
Suppose C^+^ norms are uniformly bounded: 

\\fn\\&+\M)<Constil). 

Then a subsequence fn^ weakly converges in to a smooth function g : 
M ^ R o/ completely bounded geometry. 

Proof: By the condition, the restrictions {fn\Mk}n satisfy uniformity of 

C^+inorms||/,||C^+H^fc)<C(0- 

It follows from Rellich lemma that there is some function gi : Mi — )• R 
so that a subsequence {fn{i)\Mi\i converges to g in C\Mi). 

By the same argument, there is some function g2 : M2 — )■ R so 
that a subsequence {/n(i,2)|^2}i converges to g2 in C\M2) for another 
subsequence {n{i, 2)}j C {n{i)}i. Clearly g2\Mi = gi holds. 
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By choosing subsequences successively, {fn{i,k)\Mk}i converge to some 
C^' function gk : Mk — > R, with gk\Mk-i = Qk-i- These satisfy uniformity 
of norms ||5rfc||C^(MA:) < c < oo. 

Let : M — >■ R be a smooth and bounded function defined by g\Mk = gu- 
Then the subsequence {fn{i,i)}i converge weakly to g in CK 

This completes the proof. 

l.B Almost Kaehler sequence: Let (M, cj, J) be a finite dimensional 
symplectic manifold equipped with a compatible almost complex structure. 
Namely g{ , ) = uj{ , J ) gives a Riemannian metric on M. Such a 
manifold is called an almost Kaehler manifold. 

Let (M"o,cjo,^o) C (Afi,cji,Ji) c ••• C {Mi,uji,Jj) c ... be infinite 
embeddings of almost Kaehler manifolds. If one denotes the inclusion lii) : 
Mi ^ Mj+i, then the above implies gives a family of holomorphic 

embeddings, Ji+ioI(i)^ = /(i)^o Jj, and the symplectic forms I{i)*{uJi+i) = 
uji are the restrictions. 

Suppose dim = 2dk, and Ue{Mi) C M = UjMj be e tublar neigh- 
bourhoods of Mi. Let: 

be the standard projections. 

Definition 1.3 An almost Kaehler sequence consists of a family of embed- 
dings by almost Kaehler manifolds: 

[{Mi,cJi,Ji)] = (Mo,a;o, Jo) C (Mi,a;i, Ji) C ••• C {Mi,cJi,Ji) C ... 

and a positive e > so that any points p E M = UiMi admit e uniformly 
bounded coverings {{p,ip{p))} which satisfy the followings: 

(1) uj\ \Ji D'^^ie) and J\ Ui D^*(e) are of completely bounded geometry. 

(2) The induced symplectic form satisfies: 

(fipYiuS) = — - — dwi A dwi at p 
where (wi, . . . , Wi) are the coordinates on Z)^*(e) C C\ 



17 



(3) There are families of holomorphic maps: 

TTk : Ue{Mk) ^ Mk 

which satisfy the following properties: 

TTklMk = id , 7rfc((/?(p)(m)) = ip{p){7r',^{m)) for all m G Ue{Mk). 

Uniformly bounded coverings which satisfy the properties (1) (2) (3) above, 
are called e complete almost Kaehler charts. 

An almost Kaehler data {(wi, Ji)} gives a uniformly bounded and com- 
patible family of Riemannian metrics on {Mi}i. Notice that the equalities 
< v,u >=< 7Tk{v),u > hold for u G TpM^ and v G TpUe{Mk) with respect 
to the induced Riemannian metric. 

Later on, we fix a uniformly bounded covering by e complete almost 
Kaehler charts. 

We will say that [{Mi,uji, Ji)] is a Kaehler sequence, if it is an almost 
Kaehler sequence consisted by a uniformly bounded covering by holomor- 
phic complete Kaehler charts ip{p) at all points p, where we equip with the 
standard complex structure on Ui-D^*(e) (see [GH] pl07). 

Let f : M = UfcMfc — )• R be a smooth bounded function over an almost 
Kaehler sequence. We will say that / is a bounded Hamiltonian function, 
if it is of completely bounded geometry. 

Let (M, u) be a finite dimensional symplectic manifold. The following 
facts are well known ([Gl]): 

(1) there exist compatible almost complex structures, and 

(2) the space of compatible almost complex structures is contractible. 

In the infinite dimensional situation, the condition (1) depends on the 
spaces, but the same thing holds for (2) for a fixed uniformly bounded 
covering. 

Lemma 1.4 Let [{Mi,uji)] be a symplectic sequence. Suppose there exists 
a family of compatible almost complex structures {Ji}i so that [{Mi,uji, Ji)] 
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consists of an almost Kaehler sequence with respect to a uniformly bounded 
covering {{p,(p{p))}. Then the space of such family: 

almost Kaehler sequence with respect to {{p, (p{p))} } 

is contractible. 

Proof : We follow a well known argument in the finite dimensional case. 

Let us choose a reference family of almost complex structures {Ji}i- 
Take another one {J/}i. Let us connect these by a compatible family 
of almost complex structures {Jj}i, t £ [0,1]. For o; = or 1, let us 
put hf{ , ) = iUi{ , Jf ). Then {hf}i gives a family of Riemannian 
metrics. Moreover each Jf is uniquely determined by hf. Now let us 
consider a smooth family of Riemannian metrics: 



hl = h'^ + tihl-h'^). 

Then for each i, there exists a unique and smooth family of compatible 
almost complex structures J|, t e [0, 1] satisfying , ) = Wj( , J- ). 
Let us choose a complete almost Kaehler chart at p G C M^+i: 

cji = ^j<i dpj A dqj, u)i+i = Sj<i+i dpj A dqj at p 

and denote the local projections by tt- : D^'^'+^{e) i— > D^^'(e). Let us check 
the compatibility condition J!-_^i o /(i)^ = /(i)* o at p and for each t. Let 
us take Vi E TpMi. Then: 

UJi+li , Jl+iVi) = , Vi) + , Vi) - , Vi)) 

= UJi+i{ , J^^^Vi) -\- t{uJi+i{ , jl^^Vi) - ,Ji+iVi)} 
= UJi+l{ , JiVi) -\- t{uJi+i{ ,jlvi)-Ui+i{ ,JiVi)} 

= u,+i{ .Jjvi) 

= UJ^{7T[ , J^V^) + t{uJi{7r- , jjvi) - Ui{'K\ , jf^^i)} 
= Ui{'K[ ,jlvi). 

The fourth equality implies the the compatibility condition. 
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Moreover the following equalities hold from the equality between the 
first and the last above: 

^ii<Jl+iH, JMiv)) = uJi+i{Jl^{w), Jl+iir'iiv)) 
= uji+i{w,7rl{v)) = uji{7r'i{w),7r'i{v)) = uJi{Jl{7r'i{w)) , Jjiirliv))). 

This implies the equality: 

„/ jt _ jt I 

and so tTj are holomorphic with respect to J*. This completes the proof. 

Remark 1.1: It is not clear whether the conclusion might still hold when 
we do not fix a uniformly bounded covering. 

1.B.2 Embeddings of almost Kaehler sequences: Let [(M^jCJi, J^)] 
be an almost Kaehler sequence equipped with complete local charts (p{p) : 
VJs>iD'^'{e) ^ im Lp{p) C M for all peM. 

Let us say that [(M/,a;-, J-)] is embeddable into [{Mi,uJi, Jj)], if there are 
positive e > 0, subindices {k{i)}i with k{i) > i and compatible embeddings 
between almost Kaehler manifolds: 

li : {Ml,uj[,Jl) ^ {Mk{i),Uk{^),Jk(i)) 
so that there are families of holomorphic maps: 

from the open e tublar neighbourhoods Ii{Ml) C Ui C M = UiMi, which 
satisfy the properties: 

TTilMl = id , 7ri{(fi{p){m)) = (p{p){7Ci{m)) 

for all m G Ui, where ffj : Us>i-D^*(e) — )■ -D^'^*(e) are the projections with 
di = dimM^. 

Example 1.2: Let us fix j9 > 1 and consider the canonical embeddings of the 
Grassmannians Grp^q ^ Gvp^q+i which embed each p plane L C C^+^ c 
(jp+q+i^ These admit the canonical and compatible Kaehler forms, and the 
direct limits Grp = lim^_j.oo Grp^q consiste of the Kaehler sequences. 
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Let us consider the Pliicker embedding Gvp^q CP^, where = 

^ j ~ which associate each p plane L C C^"*"^ and 

its basis {vi, . . . , Vp} to the complex hne [vi A ■ ■ ■ A Vp] G CP^. 

It is well known that these embeddings preserve the canonical Kaehler 
forms, and so they give the embedding of the Kaehler sequences: 

/ : [Grp,,] ^ [CP-] 

where {M^cui, Ji) = Gvp^i and (M;,w', J^) = CP' with k{i) = N{j),i). 
Moreover the Schubert calculus verifies the isomorphisms: 

: MGvp,, : Z) ^ H^iCV'' : Z) ^ Z 

between simply connected spaces. 

Example 1.3: Let us consider the Veronese maps defined as follows. Let us 
introduce the lexicographic order for two indices (zq, • • • , ^n) ^^^nd (ji'o, . . . , j^). 

Let us fix m G {1, 2, . . . }, and take CP" with the homogeneous coordi- 
nate [^0: • • • 5 ^nl- For N = { ^~'""^|— 1, we define the Veronese map: 

\ m 



Vm : CP" ^ CP 



N 



Vm[[zQ, ...,Zn]) = {zl\ ...<": = Ul}. 

(Yi ■ -|- 777,\ 

Now we have two different embeddings: 

CP"* c„ CP"^+S CP"' c CP"'+^ 

where the first is the given by the Veronese map and the second is by the 
canonical embedding. 

Lemma 1.5 The following diagram commutes: 

CP"* C^; CP"*+1 

n n 
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Proof: This follows since we have used the lexicographic order for the 
coordinates. This completes the proof. 

Corollary 1.1 There is a canonical emheddings of CP°° to itself: 

of degree m, so that the restrictions are given by the Veronese maps. 

Remark 1.2: We have the Veronese sequence by the embeddings by the 
iterations of the Veronese maps: 

CP"i CP"2 c^; • • • CP'^' c • • • c y = UiCP"\ 

This is not Kaehler sequence, since the degree grows unboundedly in the 
total space. Study of this embeddings will require much harder analysis. 

1.B.3 Symmetric almost Kaehler sequence: Let us introduce geo- 
metric classes of almost Kaehler sequences. Their symmetric properties 
will allow us to analyze structure of holomorphic maps. 

Definition 1.4 [(Mj, cj,, J,)] is a symmetric almost Kaehler sequence, if 
there are e > Q, uniformly hounded coverings {ip{p)} at any p G M and 
some I = l{k) > k for any k > so that there are families of almost 
Kaehler submanifolds C Wi C Mi with Wi = Mi for all i > I and 
isomorphisms: 

: {(M, Mfc), u;, J] ^ {(M, M^), a;, J] 

which preserve Mk and transform Wi to Mi as: 

Pi:{Wi,Ui\Wi,Ji\Wi) = {MuUuJi) 

such that at any p G Mk : 

D:TMk®i>iNi^k = TM\Mk 

give the uniform isomorphisms over Mk with respect to the complete local 
charts, where: 

N^,k = {P-'U ( Ker (tt,), n TMi)\Mk) ] 

Dp= id e (Pz)* e (Pi+i)* e . . . 
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We say that the family of maps {{Pi,7Tk)}i,k give symmetry of the almost 
Kaehler sequence with respect to {Mk,Mi). 

If all these properties hold by use of complex structure, then we say that 
it is a symmetric Kaehler sequence. 

Suppose [{Mi,uji, Ji)] is symmetric. It is isotropic, if there are families 
of parametrized isomorphisms for each <t < 1: 

Pi : {(M, Mk),u, J} ^ {(M, Mfc), t^, J} 

with: 

^ id , Pl = Pi. 

Examples 1.4-' (1) Let (X, cj, J) and (y, r, /) be two almost Kaehler mani- 
folds, and choose a base point yo ^Y. Let us consider the products: 

(X X Fi X ^2 X . . . , a; + n + r2 + . . . , J /i /2 • • • ) 

where all {Yi,Ti,Ii) are the same (F, r, /), and we embed X x Yi c X x 
Yi X Y2 by identifying X xY = X xY x {uq} and similar for others. 
The infinite product sequence admits symmetric structure by choosing: 

Mfc = X X Fi X • • • X Yfc, Wi = MkX {yo} x • • • x {yo} x Y^. 

Pi are given by the obvious exchange of the coordinates. 

(2) Let M be a complex manifold, and take any holomorphic curve 
u : CP^ I-)- M. Then the holomorphic vector bundle u*{TM) i-)- CP^ 
splits as the direct sum of holomorphic line bundles. This fact can be 
regarded as 'infinitesimal symmetric property' (see [OSS]). 

(3) Let us consider the projective spaces with the Fubini Study forms 
[(CP\ w,)] = CP^ C C • • • C CP" C . . . CP°°. This is an isotropic 
symmetric Kaehler sequence, and we denote it by CP°^. There are stan- 
dard charts C CP* and uji can be expressed as: 

■ _ T^idwi A dwi _ [Y^iwidwi) A {J^mdwi) 
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where w = {wi, . . . ,Wi) are the coordinates on C*. Then [tUi = uj\D'^'^] is 
completely of bounded geometry, where D^^ C C* are the unit balls. In 
order to obtain another charts at any p G CP*, one may use any constant 
unitary matrix U G MaU+i{C) with U{[1,0, . . . ,0]) = p e CP\ 

Let Ue{CP^) C UiCP* be e tublar neighbourhood. Then there are nat- 
ural projections, iik '■ U^iCP^) ^ CP^: 

T^kiXzQ, . . .,Zk,Zk+U ...]) = [2:0, ... ,2;fc,0, .. .]. 

Let us put Mk = CP^ and W, by: 

= {[zo : • • • : Zfc : • • • : : : : : . . . ] G CP°°} 

for alH > / = A: + 1 with Mi = CP^+^ Pi : = CP^+^ are given just by 
exchange of the coordinates: 

[zo Zk : : Zi : ...] [zq Zk : Zi : :.. .]. 

This is isotropic, by putting: 

T^f/r n\ r irt . TTt 

Pi{[zo : ■ ■ ■ -.Zk : . . . \) = [zo : ■ ■ ■ : Zk : COS y^fc+i + sm -^Zi ■ 

. 7rt TTt 

Zk+2 Zi_x: - sm y-S^fc+i + cos —Zi : z^+i : . . . J. 

(4) There are many variants. For example one can change C by H. For 
others, let us consider the Grassmannians: 

Grr^„(C) = {H C C''"'"" ; H : r dimensional C vector subspaces }. 

One can canonically embed as H C C''+"+^, and by taking the direct limit, 
one obtains the Kaehler sequence Gr^(C) = lim„_j.oo Grr^„(C) equipped 
with the standard Kaehler structure. 

This space also admits isotropic and symmetric structure. Let us put: 

C^'^ = {(zi, . . . , z,, 0, . . . , 0, Zk+i) : zj G C} C 

and choose = Grj-^k and Wi = W^^^ are consisted by all elements of the 
form: 

W^^i = {H C C^"^^'* ; H : r dimensional C vector subspaces }. 
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The required isomorphisms and isotropies can be obtained by the same 
way as the above Pi and 

Lemma 1.6 Let [{Mi, uji, J^)] be a symmetric almost Kaehler sequence, and 
choose any pair (M^, Mi) as above. 

Then there is a bundle N^^i — )■ M^ with the uniform isomorphisms: 

TM\Mk = TMkeiNk,i0R'^) 

with respect to the complete local charts over M. 

Proof: Let us put: 

7V^,^ = (Ker {iTk), nTMi)\Mk. 

There are holomorphic isomorphisms TMi\Mk = TMk Nk^i. Then the 
conclusion follows by use of the isomorphisms of the tangent bundles: 

TMk e Nk^i ^ TW,\Mk, iv,w) ^ (v, (/^-^)*H). 

This completes the proof. 

1.B.4 Quasi transitivity: Let [{Mi,iJi, Ji)] be an almost Kaehler se- 
quence. We say [{Mi,LUi, Ji)] is quasi transitive, if for any N > 0, there 
is k = k{N) so that for any mutually different points po, . . . ,p]\[-i G 
M = UiMj, there are automorphisms of the almost Kaehler sequence 
A : {M, u, J) = (M, Lu, J) such that: 

A{pi) e Mk 

hold for all < i < AT - 1. 

Lemma 1.7 The infinite projective space [{CP\uJi, Ji)] is quasi transitive. 

Proof: Let us construct automorphisms : [M, Mi.) = (M, M^J induc- 
tively so that they satisfy the foUowings: 

A\pi)eMi^, A'\Mi.=id 

for ah j < i. We put A = A^-^ o A^-^ o ■ ■ ■ o A^ and k = In-i- 
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Let us choose any po = [zq, zi, . . .] G CP^ C CP°°. Firstly let us move 
Po to [1, 0, 0, . . .] by a unitary automorphism ^4^ G ?7(L + 1) C Aut CP°°. 

Let us consider m = A^{pi) G CP°°. We put = id, if ui G CP^ 
Suppose ui = [ui,u\, . . .] ^ CP^. Then {u\,ul, . . .) is non zero and so 
defines an element in CP°°. Let us choose another unitary automorphism 
Ti withri([wj,Mf, ...]) = [1,0,...]. Then we put = diag (l,ri). 

Let us consider U2 = A^ o A^{p2) G CP°°. We put = id, if U2 G CP^. 
Suppose U2 = [u2,U2,...] ^ CP^. Then {ul^u^,...) defines an element 
in CP°°. By another unitary automorphism T2 with T2{[ul, u^, ■ ■ ■]) = 
[1,0,...] Then we put A^ = diag (1, 1, T2). 

By the same way one can inductively construct yl^, . . . , A^~^. 

This completes the proof. 

Remark 1.3: (1) A similar argument can be used to verify that the infinite 
Grassmannians GrN{C) = limL^ooGrN^L also satisfy quasi transitivity. 

(2) For our later applications, it is enough to assume weakly quasi tran- 
sitivity, in the sense that the above k = k{N, L) can also depend on 
L = maxijd{pi,pj). 

Notice that if the diameter of M are bounded, then it is quasi transitive 
whenever weakly quasi transitive. 

1.B.5 Minimality: Let [{Mi,uji, Ji)] be an almost Kaehler sequence. Let 
us introduce its invariant ([HV]): 

m{[{Mi,uJi, Ji)]) = miu{< uj, u >; 

u : 5^ I— )■ M = U^M^ : non constant holomorphic curve}. 

By restriction to the symplectic sequence, one obtains the invariant: 

m{[{Mi, Ui)]) = mfa{< a;, a > > : a : 5^ UiMi}. 
We say [{Mi^cji, Ji)] is minimal, if both the equality and positivity hold: 

m{[{M,,Lj^)]) = m{[{M^,Ui,Ji)])>0. 

The minimal homotopy class a G HomotlS*^ M} is given by the equal- 
ity fa^ = 'miiiMi, oji, Ji)]), which plays an important role in section 3. 
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Examples 1.5: (1) Notice that if [{Mi, tUi, Ji)] is of 112 rank 1, 7T2{UiMi)/ 
Tor = Z, then minimahty is equivalent to existence of non constant holo- 
morphic curves representing 1 E 7T2/ Tor. 

The Fubini Study form on CP" with the standard complex structure 
gives 712 rank one minimal data (cj, J) with m = tt. 

(2) Let (CP^,c<;, J) be the standard curve and [(Mi,cji, Ji)] be minimal. 
Then the product [{{Mi x CP"^, Ui + w, ® J)] is also minimal. 

(3) Suppose [{Mi,iOi, Ji)] is algebraic with each coi G H'^{Mi : Z). Then 
it is minimal, if any generating elements in H2{M : Z) can be represented 
by some holomorphic curves. In particular it is the case when it is simply 
connected, algebraic, and any generating elements in 7i2{M) can be repre- 
sented by some holomorphic curves. 

l.C Transition functions: Let [(Af,. cj^, J^)] be an almost Kaehler se- 
quence, and choose a uniformly bounded covering {{p, (p{p))}. 
For any p,p' E M = UjMj, let us put: 

^p,p') = ^{p'Y^ o ip{p) : B{p,p') ^ B{p\p) 

where B{p,p') = (p{p)~^{ im (p{p)n im (p{p')) C Ui-D^*(e). 

Lemma 1.8 Let [{Mi, uji, Ji)] be an almost Kaehler sequence. Then p') 
give the complete isomorphisms: 

sup\\\/^^p,p')\\C^ < ci 

p,p' 

for constants ci independently of p,p' for all I > 0. 

Proof: See def 1.1 and below it for the terminologies. 

This can be seen by use of the exponential mappings ([Kl] p74). For 
convenience we check the uniform estimates for I < 2, which will be used 
to construct diffemorphisms in lemma 5.3 below. 

The estimates on the first derivative come from uniformity of compatible 
Riemannian metrics. 

Let us put g{p) = (p{p)*{g) on UiD'^^e'). Thus ^{p,p')*{g{p')) = g{p) 
holds. Since both of g{p) and g{p') are uniformly bounded, the conclusion 
holds for / = 1. Let us put $ = ^{p,p'). 
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Suppose V$ could be unbounded at m, and take a curve 7 : [— 1, 1] ^ 
B{p,p') with 7(0) = m G B{p,p'). 

Let Xq G TjnM be a unit tangent vector with |Xo| = 1, and extend Xq as 
the vector fields X along 7 by constant. Then we put Wq = \s=o ^ 

T^{j^-)M and extend Wq to W along $(7) similarly. We also have another 
vector field Z = ^-^{W) along 7. Notice ^ = ^ = and f |,=o = ^o- 

Let us consider the equalities: 

g{p){X, Z) = ^\gip'))iX, Z) = W). 

By differentiating both sides at s = 0, one has the equality: 

^(p)'(Xo, ^-\Wo)) + g{p){Xo, Xo) = gipJiM^o): Wo) + g{p'){Wo, Wo) 

where g{py = dg{p){j{s))/ds\s=o. So there is a constant C with the point 
wise estimates: 

||V$,(Xo)|p<C{||V$,(Xo)|| + l} 
which contradicts to the assumption. 

2 Moduli spaces of holomorphic curves 

In this section we study theory of holomorphic curves into almost Kaehler 
sequences. In particular we develop the analytic tools to construct finite 
dimensional moduli spaces over sequences which satisfy some symmetric 
properties. 

2. A Finite dimensional preliminaries: We recall basics of moduli the- 
ory of holomorphic curves into finite dimensional symplectic manifolds. 
Most of the contents in 2. A are already in [HV], which are preliminaries 
for 2.B where we formulate Sobolev spaces over the infinite dimensional 
spaces M = UjMj. 

CP^ has particular points 0, 00 G CP\ and let G D{1) C = CP^ 
be the hemi sphere. We choose and fix the following data: 

(1) a large / > 1, 



28 



(2) a non trivial homotopy class a G 7r2(UiMi), and 

(3) different fixed points PQ,Poo G Mq C M = UiMi. 

Let L^^_^(S'^, Mi) be the sets of Lf^^ maps from 5^ to M^. (In 2.B, we will 
define them in detail). Let us put the spaces of Sobolev maps: 



Let E{J)i, Fi S'^x Mi be vector bundles whose fibers are respectively: 

E{J)i{z, m) = {(j) : TzS"^ i-)- T^Mi : anti complex linear }, 
F,{z, m) = {0 : T,S'^ ^ T^M, : linear}. 

Then we have two stratified Hilbert bundles over 05^: 



On all of these Hilbert manifolds 5Sj,(Ej,5^i, there exist compatible, free 
and continuous 5^ actions which are induced from the one on C C CP^. 

Remark 2.1: One may regard that E[J) = UiE(J)i and F = UjFj are 
stratified vector bundles over S"^ x M, M = UiMi, and so we have stratified 
Hilbert bundles (E = Ui(Bi and ^ = Ui^i over ^ = Ui^i. 

The non linear Cauchy-Riemann operators and their tangent maps are 
defined respectively as sections: 



^i = = {ue Ll^i{S\ Mi) ■.[u] = a 




(Ei = m^;{E{J)i)) = Uue^,M X mu%E{J)i)) 
= LK^F,)) = U^^^M X LKu\F,)). 




There is an induced S free action on 971^. 
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We say that J is regular^ if for any u £ OJl^, the lineahzations: 

Ddj{u) : T,Q5, ^ (^,), 

are onto for all i. 

The following estimates follow from the inverse function theorem and 
the Riemann Roch theorem: 

Proposition 2.1 Let [(M^, cjj, J^)] he a regular almost Kaehler sequence. 
Then the moduli spaces are free manifolds with dimension: 

dim m{a, Mi, Ji) = 2 < ci(r^'°Mi), [u] > -2 dim Mi - 1. 

// moreover it is minimal, then each Wl{a, Mi, Ji) is compact. 

Later on we will omit to denote a explicitly. 

Definition 2.1 The moduli spaces of holomorphic curves for almost Kaehler 
sequences are given by: 

m{[{Mi,Ui,Ji)]) = Ui>i m{a,Mi,Ji). 

Lemma 2.1 Let [{Mi,Ui, Ji)] be a regular almost Kaehler sequence. Then 
dJl{[{Mi,cji, Ji)]) is a freely stratified manifold. 

Example 2.1: Let us consider the standard holomorphic embedding CP^ ^ 
CP" with fixed two points. Modulo action, this is the unique element 
in the moduli space which is regular in the minimal class. 

2.B Sacks-Uhlenbeck's estimates: 

Lemma 2.2 Let [{Mi,uji, Ji)] be a minimal almost Kaehler sequence. For 
each a, there is a constant c{a) > so that any u G 9Jl([(Mj, a;^, Jj)]) 
satisfy uniform estimates: 

|V"u|C"(5'2) < c{a). 

Proof: We will only verify the uniform estimate | Vu|C^ < c. The estimates 
for higher devrivatives follow from the elliptic regularity. 
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There is a biholomorphic isomorphism: 

$ : Z = R X 5^ = CPMO, oo}, (r, t) exp{r + 27rit) 

where we equip the standard complex structure on Z. For any holomorphic 
curve u G DJl, let us regard u : H x ^ M with u(— oo) = po and 
m(oo) =Poo ^ Mq. 

It follows from -^u + J{u)-^u = that the equalities hold: 

d d d d d d 

\\du\f = '^i-^u,J{u)—u)+uj{—u,J{u)—u) = 2u{—u,—u) = 2\\u'{u)\f. 

Sublemma 2.1 (SU) There are constants C and e > determined by 
[{Mi, LJi, Ji)] so that for any holomorphic disk u : D"^ M = UjMj and 
E = Jj:,2U*{uj) < e, the estimate holds: 

(f{x) < CE, (p = \duf 

for all X e 



Proof of the lemma: Let us fix a small positive constant S > 0. Then for 
any u G 9)t([(Mj, a;^, Ji)]), we put s{u) = Soo{u) — So{u) > 0, where: 

so{u) = sup{s G R : o?(w((— oo, s) x S^),pq) < 5}, 
Sooiu) = inf{s G R : (i(u((s,oo) x S^),Poo) < S}. 

Step 1: We claim that for < /i < there is a positive e > 
determined by [{Mi,iUi, Ji)] and /i with the estimates: 

/ u*{uj), [ u*{uj) >e. 

We will only verify the first estimate. The latter follows by the same 
argument. Notice that the translation on Z is an automorphism (which 
does not preserve the required condition /^(i) u*{u) = ^ < u,a > on ^). 

Let us choose a translation T on Z so that so{uoT) =0 holds. Notice 
s{u o T) = s{u) > 3/i. One may assume so(w) = 0, since the equality: 

/ (uoT)*(u) = / u'(uj) 
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holds. Let D^(6) C S"^ be the disk with the radius b. Let a > be as: 

(-00, so{u) + //] X 5^ = D'^{1 + a)\0 C S'^ 

where we identify (— oo,so(u)] x 5^ = D^(1)\0. We put D = D^{1) and 
D'= D\l + a). 

Let us put Bs{0) = {m G M : d{po, m) < 6)} C M as 5 neighbourhood 
of pq. Then u{s^t) E dBs{0) and so the equality (i(u(s, t), u(— 00)) = S 
holds at s = so{u) and some t E with (s, t) G dD. 

Suppose j£)iu*{(jj) < e for sufficiently small e = e(/i) > 0. Then by 
sublemma 2.1, the uniform estimates of the derivative: 

\du\ < C{ii)\/e 

hold on all points of D. This is a contradiction if e > are too small, since 
u{s,t) E dBs{0) and d{po,u{s,t)) = ^ as above. 
This completes the proof of the claim. 

Step 2: Let us proceed the proof of the lemma by the contradiction argu- 
ment. Suppose contrary. Then there are families {ui}i C dJl{[{Mi, uji, Jj)]) 
and {pi}i C 5^ with |Vuj|(pj) — )• 00. As [HV] p611, one may assume the 
inequalities: 

|VMi|(x) < 2|Viii|(]3j) for all x with d{x,pi) < e^. 

Let Di = Di(pi) be r balls with the center pi for some small r > 0. We put 
rescaled balls with the center pi as Bi = \Vui\{pi)Di{pi) by multiplying the 
numbers \Wui\{p,), where one regards Bi C C. By conformal invariance, 
one gets a family of holomorphic maps Vi : Bi M = UiMi. This family 
satisfies uniform bounds: 

\dvi\iO) = 1, \dvi\{x) < 2 for \x\ < ei\Vui\{pi). 

In particular by choosing small 1 >> a,e' > 0, — |(i?;j|^(0)| < e' 

holds for all x E D{a) by the elliptic regularity, where D{a) C Bi is a ball 
with the center 0, and a is independent of i. This implies the estimates 



32 



M'i^iK^^) > \/l ~ e'- In particular the uniform estimates hold from below: 

for all bi > a with -D(6j) C Bi. 

Step 3: On the other hand the uniform bounds JBiV*{uj) < m hold 
from above where m is the minimal invariant. We claim that there is 
some family {Ri < ei\Vui\{pi)} with i^j — )• oo such that the length 6i of 
Xi = Vi{exp{27TiRit)) : ^ M must decay 8i — )• 0. 

Notice that [a, 6j] x d hold. Then there are some i?j so that the 
decay: 

/ v*Auj) 

must hold. So the decay ^y)iVx&RixS^ \dvi\{x) hold by sublemma 2.1, 
which verifies the claim. 

Step 4: Thus there is a family of small disks {di\i C M which span 
Xi, and /(f^ w — > 0. Let 5- C Bi be i^^ balls with the center p^, whose 
boundaries are Xi. Let us put two 'almost' holomorphic spheres: 



Ui on S\B[ 

, = i),- U a,;. 

di 



By the condition, these must satisfy: 

< a;, > + < a;, >— )• m > 0, 

lim^ < a;, >, lim^ < cj, > > 

By minimality, one of < a;, > or < a;, i;- > must be zero for all large %. By 
step 2 and 3, <uj,v\> must be positive and equal to m. So < a;, u'^ >= 
must hold. 

First of all, suppose there is a uniform lower bound s{ui) > SfiQ > 0. 
There are three cases; 

(1) an infinite subset of {pi}i is contained in (— oo, So(wj)] x or 

(2) is contained in [soo{ui),oo) x or 

(3) in [so(wi), Soo(wi)] x S^. 
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Suppose the case (1). Then by step 1, there is a positive e > with 
/[sooK)-Mo,oo)x5i(^i9*(^) ^ This implies the asymptotic bounds: 

Umj < uj^u'i> > e 
which give a contradiction. The other cases can be considered similarly. 

Step 5: Let us verify that s{ui) — )• cannot happen. This will complete 
the proof of the lemma. Suppose contrary. Let us take p = 0,g = |eS'^. 
Then since Ui{o x s^{ui)) G Bs{^)^ * = 0,oo and o = p,q, and since 
d(Bs{0), Bs{oo)) > is positive, there are families {ti} and {r^}, ti,ri G 
[so{ui), Soo{ui)], such that |VMi|(p x ti), \Vui\{q x r^) — > oo. On the other 
hand one has a lower bound d{p x t^, g x rj) > | in R x 5^. By the same 
arguments as step 2 and 3, one obtains two non trivial almost holomorphic 
spheres, which also cannot happen by minimality of the homotopy class. 

This completes the proof. 

2.C Hilbert completion of function spaces: Here we introduce the 
basic function spaces for the infinite dimensional analysis. 
Let us take an element: 

and let U{u) C 05 (a) be a small neighbourhood of u in the set of Lf^^ 
maps from S*^ to M. Below we will describe its completion to a Hilbert 
manifold U (u). 

Let us check the Sobolev embeddings for maps into Hilbert space. 

Lemma 2.3 There are constants q with the uniform estimates: 

\\u\p-\S^)<ci\\u\\\Ll,{S^). 

Proof: By uniformity of complete local charts, it is enough to verify the 
uniform estimates: 

\\u\\Ci-' < ci\\u\\Ll, 

for u G Cc{U ; H) with open subset U C R^. 

The Sobolev estimate \\u\\Clr\U) < ci\\u\\Lf^-^{U) hold for u e Cc{U). 
Let H be the closure of R°° with the standard norm, and express u = 
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{uq,Ui, . . .) E C[ ^{U; H). Then we have the estimates: 

sJriolv^npM = si-ioSi>o|v%f (m) 

< ci^j>o\\uj\\''Ll,{U) = ci\\u\\''Ll,{U) 

for any m G U. By taking sup of the values of the left hand side, we obtain 
the desired estimates. This completes the proof. 

Remark 2.2: (1) Later we will find a reason why to use such completion 
of function spaces, rather than stratified spaces in some step by step ways, 
where we will use some automorphisms on almost Kaehler sequences which 
do not preserve stratifications. 

(2) All functional spaces as Hilbert manifolds admit the free and contin- 
uous actions. In precise there is a constant C > with the inequalities: 

C~^\\u\ \ < SuptGsAMl < C\\u\\ 
for all elements u in such Hilbert spaces. 

Let ip{p) : D = UiD^*(e) ^ U^Mj be a complete almost Kaehler chart at 
p. Sometimes we will identify D and D{p) where: 

D = UiD'\e) CK^CH, D{p) = ip{p){UiD'\e)) C M. 

By definition D is equipped with the induced metric which is uniformly 
equivalent to the standard one on H. Let us take the following data: 

(1) finite set of points sq, • • • , Sfe G S'^^ 

(2) an open cover Uq, . . . ,Uk with Si E Ui C 5^, and 

(3) a partition of unity /o, . . . , over 5^. 

For u G 53(a), one can choose large k so that each image u{Uj) is contained 
in a complete almost Kaehler chart at fipj) with pj = u{sj). Then one can 
express its restrictions as u\Uj : {Uj,Sj) i-)- {D{pj),pj). Identifying D{pj) 
with D as above, one may regard these maps as: 

u\Uj : (Uj.Sj) ^ (^,0) C (//,0). 

Let us introduce precisely the Hilbert norm on the set of sections of u*{E{J)) 
as follows; let us take any G T{u*{E{J))). Then one may express the 
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restriction as: 

ip\Uj : TUj ^TD = D xR°^ 

which is anti linear with respect to (i, Ju{m)) at {m,u{m)). Then one can 
define: 

M^L^ = So<,-<fcEo<a</ \V%fj^\Uj)\\m)dm. 

By taking completion with respect to the above norm, one obtains the 
Hilbert bundles: 

One can also make completion of the functional spaces ^ and obtain ^. 

Let w e ^ = Ui^i, and f/(u) C 25 be a small open subset. Let us 
complete U (u) so that one obtains a Hilbert manifold U (u) as below. Let 
us write u\Uj : (Uj, sj) i— > (D, 0) for any u G fB^. Then locally any element 
V ^ U{u) can be expressed a.s v\Ui : Ui i-^ C H. Then we introduce 
Sobolev norms on U (u) by: 

\\v\\^Lf^-^ = So<j<fcSo<a<i+i / \V''{fjv)\'^{m)dm (*) 

By completion, one obtains the Hilbert manifolds: 

U{u) over U, (u G 05 = U>iQ5,) 

on neighbourhoods of u, where the local Hilbert-structures are obtained 
passing through the exponential map. 

Notice that if u is holomorphic, then k above can be chosen uniformly 
by lemma 2.2. 

Let us introduce: 

miUMi.uJi, Ji)]) = U^eart([(M,M,J.)]) eUiu): djiv) = 0}. 

Apriori this space is bigger than the moduli space 9Jl([(M^, cjj, Ji)]). Later 
we study on their coincidence each other. 

2.C.2 Functional framework: Let H he a. Hilbert space, and L c H he 
a closed subspace. 
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Lemma 2.4 Let F : H ^ H be a bounded operator with closed range, 
whose kernel consists of finite dimensional subspace. Then F{L) G H is 
also closed. In particular if F is injective, then F{L) is closed. 

Proof: If kernel F = 0, then F : H = F{H) gives an isomorphism. In 
particular F{L) is closed. 

Suppose ker(F) = K <Z H is oi finite dimension. Then F induces an 
isomorphism F : H/K = F{H), where we equip with the metric on H/K 
by use of orthogonal decomposition H = © K. Then it is enough to 
see that the image of the projection pr{L) c H/K is still closed. 

One may assume that L fl = by replacing L by (L fl K)^ in L, when 
it has positive dimension. 

Suppose a sequence {vi}i C pr{L) converge to some element v G H/K. 
By the assumption, the representatives vi ^ L oi Vi are unique. Let us 
represent Vi = vj + vf G L with respect to the decomposition H = K^®K. 

We claim that \\vi\\ are uniformly bounded. Suppose contrary and as- 
sume \\vi\\ — > oo. Then by normalizing as Wi = \\vi\\~^Vi = wj + wf, 
both \\wj\\ and \\wf\\ — )• 1 hold. Since K is finite dimensional and 
L is closed, a subsequence Wi converges to some element w £ L n K with 
||w;|| = 1. This contradicts to our assumption, which verifies the claim. 

Now since {vf}i c K is a bounded sequence, a subsequence converges to 
some element v'^ G K. Since vj converges to v, it follows from these that a 
subsequence of {vi}i converges to v -\- ^ L. This implies v G pr[L). 

This completes the proof. 

Remark 2. 3: The assumption of finite dimensionality is necessary. Let H be 
a separable infinite dimensional Hilbert space, and choose an orthonormal 
basis {vi\i. Let < — )• be a decreasing family of numbers. 
Let us consider the surjective bounded map: 

F= id eO:HeH^H 

and the closed subspaces L spanned by the basis: 

L = span {wi = {aiVi, Vi) : i = 0,1,2, ...} C H ® H. 
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We claim that the image of the restriction F|L is not closed. Suppose con- 
trary. Then since F\L is injective, the restriction must be an isomorphism 
by the open mapping theorem. So there must exist some C > with the 
uniform estimates: 

\aiVi\ = \F{wi)\ > C\wi\ = Csjaf + l. 

But the left hand side converge to 0, which contradict to the right hand 
side. 

The following abstract property is the key to our Fredholm theory we 
develop later: 

Corollary 2.1 Suppose the above situation, and choose another Hilbert 
space W . Then the image of the Hilbert space tensor product L (S>W over 
the induced operator F^l: H<S>W^H(S> W, still has closed range. 
In particular if F is an isomorphism, then F (S> I is also the same. 

Proof: Let us put E = L D Ker (F), and decompose L = L' ® E. Then 
F{L) = F{L') holds. Since the restriction F\L' is injective, it gives the 
isomorphism onto F{L) by the open mapping theorem. 

Since the restriction F <S)l\L' <^W gives the isomorphism onto F<S)1{L'<^ 
W) = F (g) 1(1/ (g) W), the conclusion follows. This completes the proof. 

2.D Geometric conditions: We study functional analytic properties 
of the Cauchy-Riemann operators over almost Kaehler sequences which 
satisfy the geometric conditions we have introduced in l.B. 

Let us say that a subset S C Q5([(Mj, cj^, J^)]) = Ui25(Mj, ojj, J^) is 
bounded, if there is some io so that the images of u are contained in M^^ 
for any elements u & S. 

Our aim in 2.D is to verify the following: 

Theorem 2.1 Let [{Mi,LJi, Jj)] be a symmetric Kaehler sequence. 

(1) Suppose it is regular and dim Uj Ker D^di = N is finite, then it is 
in fact strongly regular of index N. 

In particluar 9)t([(Mj, a;^, J^)]) is a regular N dimensional free mani- 
fold. 
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(2) Assume moreover it is isotropic, and each connected component of 
9Jl([(Mi, ojj, Ji)]) is bounded. Then the equality holds: 

mt([(M,,a;,,JO])=mt(Mo,a;o,Jo). 

In particular if it is minimal, then Wl{[{Mi, Ji)]) is compact. 

The second condition in (2) is satisfied when N = \. 

The former follows from combination of lemma 2.7 and proposition 2.2 
below. The latter is verified in lemma 2.8. 

2.D.1 Strong regularity over symmetric Kaehler sequences: Let 

[{Mi, LOi, Ji)] be a symmetric almost Kaehler sequence, and choose symmet- 
ric data {{iTk, Pi)}i,k with respect to (M^, Mi>) for some /' = l{k). 

For any m G C 05// C 03, let U{u) C 55 be as in 2.C. Let us take 
small neighbourhoods U{u)ii C 25;/ r\U{u). 

There are extended projections: 

Tffc ■.U{u)^ U{u)k 
with Ttk\U{u)k = id. Then the isomorphism: 

hold, where: 

Vuik.l') = Ker (tt^)* n T«t/(w)r. 
Lemma 2.5 The complete isomorphisms hold: 

TuUiu) ^ e Vuik, I') (g) H 
where H is a separable Hilbert space. 

Proof: This follows from lemma 1.6. This completes the proof. 

The Cauchy-Riemann operator dj and the tangent map T give smooth 
sections respectively: 

Bj : U{u) ^ e\U{u), T : U{u) ^ d\U{u). 
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Definition 2.2 Let [(Mj,^;^, Ji)] be a regular almost Kaehler sequence. It 
is strongly regular, if the differential: 

Ddu : tJJ{u) ^ iuPiu) 

is surjective for any u G 9Jl([(Mi, oj^, Ji)]). 

Lemma 2.6 Let [(M^, uji, J,)] he a symmetric Kaehler sequence. 
Then Ddj : TyJJ (u) i-)- €u has closed range. 

Proof: Firstly we verify tliat DT : tJj{u) ^ has closed range, and 
then we verify the conclusion. 

Step 1: Let us take some k so that u G ^{Mk^ cuk, Jk) with u : S"^ ^ M^. 
Let : {{M,Mk),uj,J} = {{M, Mk),uj, J} be the locally homogeneous 
data for all i>l' = l{k). 

Let us consider the bundles over S"^ x Mk'. 

Nk,i'{m, z) = {^: T,S^ Ker (TTk), n T^M^ : linear } C Fi{z, m) 
and put the Hilbert subbundles over 05 fc: 

dk,i' = Li{^l{Nk,v)) = Uue^,{u] X Ll{u\Nk,v)) C h'\'&k. 
There are bundle decompositions '^i'\^k — '^k® dk,i' over 05^ given by: 

((7rfc)*(^), 4) - (7rA;)*(^)). 
It follows from symmetric property that the bundle decompositions: 

d\'Bk = dkedk,i'^H 

hold as lemma 2.5. Let: 

DTi, : Tu'Bi' = Tu'Bk Vu{k, I') ^ ^Au = dk\u fe'U 

be the tangent map. Clearly this is diagonal DTi' = DTk DTk^v with 
respect to these decompositions. Then the total tangent map: 

DT : tJJ{u) = Tu'Bk Vu{k, I') ^ H ^ = dk\u ^k,i'\u ^ H 
is also diagonal: 

DT = DTk®{DTk,i'® id). 
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Now DTi : Tu^i ^i\u has closed range with finite dimensional kernel, 
which follow from the well known analysis of holomorphic curves into finite 
dimensional symplectic manifolds (see [HV]). Since Vu{k,l) C Tu^i are 
closed subspaces, it follows from corollary 2.1 that DTk^i' id has closed 
range. Since DTk has closed range, the direct sum DTk [DTk^v <S) id ) 
also has closed range. 

Step 2: One can follow the above proof by changing T by by use of 
the complete Kaehler charts. Notice the formula: 

Ddjiv) = {DT + JoDToi){v) + Niv) 

where N involves V J, and N = when J is integrable. So if it is Kaehler, 
then Ddj = DT + J o DT o i holds. In particular if we decompose the 
holomorphic local charts as in step 1, then Ddj can be also expressed as 
the form Ki {K2 id ). The rest of the argument is parallel to step 1. 
This completes the proof. 

2.D.2 Index computations: Let [{Mi, tUi, Ji)] be a symmetric almost 
Kaehler sequence. Thus there are holomorphic projections tt^ : Ue{Mk) — )■ 
Mk with 7Tk\Mk = id from small neigbourhoods in M = UiMi. 

For u G QSfc, let itj : U{u) Q3j be the induced projections for all j > k. 

Lemma 2.7 Let [{Mi, ui, Ji)] be an almost Kaehler sequence. IfUi KerDudi 
is of finite dimension, then the equality holds: 

Ker Dud J = Uj Ker D^di. 

In particular the left hand side is of finite dimension. 

Proof : The condition implies KevDudi = KevDudi^ for some io. 

Suppose contrary and assume Ker Dydj ^ Uj Ker D^di. Let Ut C U{u) 
be a smooth curve with uq = u and Mt|t=o = v G Ker Dudj but v ^ Ui 
Ker Dydi. Then Dydj{{T(j)^{v)) = {Tij)^{Dyd{v)) = vanish for all j > k. 
So {7Tj)^{v) lies in KeiDudj. It must be contained in KerD^^^g by the 
assumption. Since j is arbitrary, this implies v G KeiDudi^^. 

This completes the proof. 

Let us denote Bj : U{u) €\U{u) and : Q5j i-)- (Sj respectively. 
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Proposition 2.2 Let [(Mj, Wj, J^)] be a symmetric Kaehler sequence. Let 
us choose any u G 9Jl(M/;, cj/^, Jk). 

If the uniform hounds dim Coker D^di < M hold for all i > k, then dim 
Coker Dydj < M also holds. 

In particular if it is regular, then it is in fact strongly regular. 

Proof : Ddj has closed range by lemma 2.6. Suppose the estimates 
dim Coker D^Bj > M + 1 could hold, and take orthogonal unit elements 
Wi, . . . , um+1 in Coker Dudj. 

There are large / >> fc so that u\ = (7r/)^(wj) are defined for all 1 < 
i < M + 1. For small e > 0, let us choose sufficiently large / so that the 
estimates below hold, where B C imDuBi C {^i)u are the unit balls: 

|w-p>l-e, I < > I < e, \<B,u\>\<e. 

There are numbers ai, . . . , gm+i G R- with S^|a^p = 1 so that v = T,iaiu\ 
lie in im Dudi, since dim Coker Dudi < M hold. Let us pick up i with 
\ai\ = Supi<j<M+i|cij| > -y^^- Then one should have the estimates: 

e>\<v,u\>\> \ai\{l - e) - e^i^j\aj\ > \ai\{l - e) - y/Me. 

Since e are arbitrarily small, this is a contradiction. 
This completes the proof. 

Example 2.2: CP°° is strongly regular of index 1 by propopsition 2.2. 

So for regular and symmetric Kaehler sequences, the moduli spaces of 
holomorphic curves are strongly regular with the expected indices. With 
respect to these obsevations, we would like to propose the following: 

Conjecture 2.1: Let [(Mi,^;^, J^)] be a symmetric Kaehler sequence. 

(1) One can perturbe the complex structure (to be almost Kaehler) so 
that the result could become strongly regular. 

(2) For irregular case, index Ddj = M hold when index Ddi = M for 
all i and Ui Y^QiDdi is of finite dimension. 

(3) Suppose moreover it is regular (and hence strongly regular). Then 
the embedding: 

m{[{Mi,uji,ji)]) = umi{Mi,uji,ji) c m{[{Mi,uji,ji)]) 
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is in fact equality. 

2.D.3 Compactness of moduli spaces: Let [{Mi,uji, Jj)] be an isotropic 
symmetric almost Kaehler sequence. 

Lemma 2.8 Suppose that each connected component o/ 9Jl([(Mj, oj^, J^)]) 
is bounded. Then the equality holds: 

m{[{Mi,Ui,Ji)])=m{Mo,uo,Jo). 

In particular if it is minimal, then 2Jl([(Mj, cjj, Jj)]) is compact. 

Notice that the condition is satisfied for regular almost Kaehler sequences 
whose moduli spaces have 1 dimensional. 

Proof: Let us choose an element [u] G Tl{[{Mi,LJi, Ji)]). By the assump- 
tion there is some Iq so that the connected component containing u 
has all their images in Mi^. 

Suppose there could exist some k with its symmetry over (Mfc, M;') for 
I' = l{k) > k, such that DJl{u) has all their images in Mi' but not all in Mfc. 

Let Pf : {M,W^,Mk) = {M,Mi',Mk) be the isotropics for i > I', where 
M = UiMj. There is some u' G DJl{u) so that the images of Pf{u') = 
u' are contained in M/', while {Pl)^^{u') are not the case for all i > I'. 
This implies that the images of cannot be contained in M;/, since 

(P/)~^(w') must be contained in DJl{u). This contradicts to the assumption. 
So dyi{u) must be contained in M^. 

Next let us replace the pair {k,r{k)) by {k — l,l'{k — 1)). Because of 
the relation l'{k — 1) > k — 1, the inequality l'{k — I) > k must hold. In 
particular the images of 9}t(w) are contained in M;/(fc_i), and proceed the 
same argument. Then we find that dJl{u) is contained in M^-i. 

Let us continue this process. Then finally we find that the images of 
Wl{u) must be contained in Mq. This completes the proof. 

It would be interesting to study what happens for the cases of positive 
dimension. We would like to propose the following: 

Conjecture 2.2: Suppose OJl([(Mj, cj^, Jj)]) is a smooth manifold of finite 
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dimension. Then the equality: 

9}t([(Mi, Ui, Ji)]) = mi[Mk, Uk, Jk) 

holds for some k. 

Notice that the strong regularity condition is stable under small pertur- 
bations, and we expect that such property can be studied over deformations 
of these sequences. This is the topic at the next section. 

3 Infinitesimal neighbourhoods of almost Kaehler sequences 

One of the quite characteristic properties which infinite dimensional spaces 
possess, is that they can contain many spaces as their proper subsets 
which can include even themselves. In our formulation, infinite dimensional 
spaces are consisted by sequences of finite dimensional spaces, which leads 
us canonically to introduce neighbourhoods of such sequences as some sets 
of another sequences. In the finite dimensional case, notion of neighbour- 
hoods will require some dimension restrictions. However such limitations 
are free for our infinite dimensional sequences. 

In later sections, we apply such notions to study stability of the invari- 
ants of almost Kaehler sequences under "very small perturbations" , which 
measure continuity of these invariants in the framework of the neighbour- 
hoods. 

3. A Convergence: Let us start from the finite dimensional case. Let 
{Xi}^^ be a family of smooth manifolds of the same dimension embedded 
into another finite dimensional smooth manifold M. 

We say that the set {Xi\ converges to X in M, if there exist coverings of 
X = UiUi and Xi = U/[// so that for all sufficiently large i » 0, there are 
diffeomorphisms F/ : Ui = Ui{c M) which converge to the identity in 
topology in M. Notice that if Xi are sufficiently near X in topology, 
then they are isotopic to X. 

3.A.1 Convergence of almost Kaehler sequences: Let us introduce 
the following: 
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Definition 3.1 Let [{Mi^Ui, Ji)] be an almost Kaehler sequence. Let us 
say that a family of almost Kaehler sequences {[(M^?, a;-, J\)WiLi converges 
to [(Mi,a;i, Ji)], if there are positive e > 0, subindices {k{i)}i with k{i) > i 
and compatible embeddings of [(M/,lj^, J\)\ into M = UkMk for all I: 

l):Ml^ Mfc(,), m + 1, l)\Ml = /(i, I) 

with almost complex J{i,l) and symplectic u{ij) structures on the open e 
tublar neighbourhoods I{i,l){Ml) C U{i,l) C M, which extend the given 
ones: 

J{iM{hl){Ml) = Jl u{i,l)\L{iMMl)=u\ 

so that the following three conditions hold: 

(1) For each I, there is a uniformly bounded covering {{p^ip{p))} on 
[(M- , cjj, Jj^)], and its extension {(j^, (]?))} by e complete almost Kaehler 
charts over {U{i, l)^uj{i^ I), J{i, I)) for all p G 1){M-): 

cp{p) : U,>iL'^'(e) ^ im ip{p) C U,>iM^ 

n n 

iP{p) : Us>iD^'{e) ^ U{i, I) C U,>iM, 

(2) There are families of holomorphic maps: 

: I) ^ Mi 

with respect to uj{i, I), which satisfy the following properties: 

7rl\Ml= id, 7rli^ip)im)) = ^{p)i7rlim)) 

for all m E U{iJ), where 7t[ : Us>iD^*(e) D^^^(e) are the projections 
with d\ = dim Ml . 

(3) All derivatives of the operators converge to zero as I oo; 
sup ||V"(J(z, - J)\\gU{i, /), sup ||V"(w(i, - (^)\\gU{i, I) 0. 

i i 

(4) For each i, {/(z, l){Ml)}i>i C M^^i^ converges to Mi in M^i^ in C°°. 
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Notice that in general I{i,l){Ml) may be far away from M,; as z, / ^ oo 
(convergence in (3) is not assumed uniform with respect to i). 
In short, we wih denote convergence by the notation: 



We say that {[{MI,uji, Ji)]}i — >■ [{Mi,uji, Jj)] is minimal convergence, if ah 
almost Kaehler sequences are minimal. 

Examples 3.1: (1) Let us choose a uniform family of almost Kaehler man- 
ifolds {Xj. Uj, Ji), i = 1, 2, ... , and take another family of almost Kaehler 
manifolds {Xq,uJq, Jq) so that both of uJq and Jq converge to ujq and Jq in 
C°° as / — )■ oo respectively. Let us put: 

{Ml Lul jI) = {Xo X • • ■ X Xi,jQ + ioi + — h cj„ 4 e Ji e . . . , e J,). 

Then {[{MI,luI, J-)]} is convergent to the product with I{i, I) = id. 

(2) Let (X, cj, J) be an almost Kaehler manifold with a fixed point xq G 
X. Let uj{i) = + • • • + cj and J{i) = J © • • • © J be almost Kaehler data 
on X X ■■■ X X. We put Mi = x^X where M, = x'X x {xq} C M^+i. 

Let a : N I— N be any proper function. Let us choose all the same 
Ml = {Mi,ij{i), J{i)), but take embeddings I{i,l) : Ml M^+i as: 

I{h 0(("^o, • • • , m)) = {mi, . . . , ma(i), Xq, ma(i)+i, . . . , rrii). 
Then {[{M-,oj{i), J{i))]} is a convergent family. 

3.B Infinitesimal neighbourhoods: Let us take an almost Kaehler se- 
quence [{Mi,uji, Ji)], and two familes of almost Kaehler sequences: 



which both converge to the same almost Kaehler sequence. 

Let us say that the two families are equivalent, if there are infinite 
subindices {k{l)}i and {k'{l)}i such that there are isomorphisms between 
almost Kaehler sequences for all /: 



We denote the equivalence class of {[(M-,a;-, Ji)]}i>i by [[(M-,a;-, J-)]]. 



{[{Ml,ujlJi)]}i^[{Mi,uJi,Ji)]. 



{[{Mi,uiJi)]}i>i, min 




)]}i>i ^ [{Mi,Ui,J^)] 
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Definition 3.2 An infinitesimal neighbourhood of [(Mi,cj^, J^)] is given by 
the set of equivalece classes by convergent families: 

9T([(M,,a;,, J,)]) = {[[(M^, 4 J^)]] : {[(M^, a;J, Ji)]h>i ^ [(M,, a;,, J,)]}. 

Let [{Mi,u)i, Ji)] and {[(^i, '^i, «4)]}^>i be minimal almost Kaehler se- 
quences, and suppose the family converges to [(M,;, oj^, J^)] with the data 
{I{i, I) : Mj ^ Mk(i)}i^i. We say the convergence keeps minimal classes, if 
I{1)^ maps the minimal classes to the one over [{Mi^Ui, Ji)] on 7T2- 

Now by restricting on minimal almost Kaehler sequences, we define the 
infinitesimal neighbourhoods of minimal almost Kaehler sequences: 

OT-([(M,,a;,, J,)]) = {[[{MlulJi)]] : {[(M^, a;,Ui)]}/>i ^ [(M,, a;,, J,)] 
JI)]}i>i ■ minimal families which keep minimal classes }. 

3.C Moduli theory over perturbations of spaces: So far we have 
studied global analysis of the moduli spaces of holomorphic curves into 
infinite dimensional spaces. It turned out that their behaviours are well 
controlled if we assume integrability with high symmetry, where they are 
stable under small perturbations of their structures under such situations. 
This is the key aspect which allows us to study moduli theory over in- 
finitesimal neighbourhoods. 

Let [{Mi,iJi, Ji)] be an almost Kaehler sequence. Let us consider its 
infinitesimal neighbourhood and take an element: 

[[iMlujlJi)]]e^^mi,^i,Ji)])- 

The following holds since regularity condition is open: 

Lemma 3.1 Let [{Mi,uJi, Ji)] be a minimal and regular almost Kaehler se- 
quence. Suppose dJl{[{Mi,uji, Ji)]) is bounded and freely 1 dimensional 
manifold. Then there is Iq » so that there are compatible embeddings 
for all I > Iq: 

mi[{Mi,uJi,Ji)])cmiMlujlJi)]). 
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Proof: It is enough to use well known analysis which are applied for finite 
dimensional almost Kaehler manifolds. By the assumption, there is i so 
that DJl{[{Mi, iOi, Ji)]) = DJl{Mi, Wj, Ji) are both compact. Let us consider a 
family of embeddings I) : ^ Mk in definition 3.1. 

By compactness there is a large Iq so that for all I > Iq, the images of 
any u G DJl{Mi, coi, Ji) are contained in U {i, I) C UjMj. Then by use of the 
projections tt' : U{i, I) — > M/, let us consider a smooth maps u' = ti\o u : 
CP^ — )• Ml. The differentials of the Cauchy-Riemann operators must be 
surjective at u' since {MI,uj\, J-) converge to {Mi,iOi, Ji) smoothly. Let us 
apply the infinite dimensional implicit function theorem to u' to obtain a 
holomorphic curve u" with respect to {Ml,iol, Jf). This assignment u' u" 
extends to the freely equivariant ones. This completes the proof. 

Notice that we have used compactness of the moduli spaces so that the 
inverse of the differentials of C-R operators satisfy uniform estimates from 
above. 

In order to obtain the converse embedding, we use the strong regularity 
condition below. 

For any map u : CP^ — )■ M/, let us consider the compositions: 

V = l)ou: CP^ Mfc(,) 

with the embeddings I{i,l) : M- ^ M^iy There is a unique a > so 
that the translation v'{m) = v{a m) on C C CP^ satisfies the condition 
lD{i){'i^')*i^k(i)) = ^ < cj, a > as in 2. A. This gives the embedding: 

^{MlulJi) C ^(Mfc(,),a;fc(,), Jfc(,)). 

Notice that if I is sufficiently large, then this is very near just the induced 
maps by the composition with I), namely a above is near 1. 

Let us consider a holomorphic curve u G 9)l([(M/, a;-, J/)]), and regard: 

ue^([(M„tj„J,)]). 

As in 2.C, let U{u) be the Hilbert completion of the open subset U{u) in 
Q5([(Mj, cJi, Jj)]), and consider Bj : U{u) i-)- <B\U{u) with the differential 
DBj : T^Uiu) ^ ^u. 
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Definition 3.3 OT™([(Mi, cj^, J^)]) is strongly regular, if for any element 
[[{M-,iol,Jl)]], there is Iq and C > so that for all I > Iq and for any 
uemiMicolJi)]): 

Ddj : TuUiu) ^ eu 

is surjective over [{Mi,oji, Ji)]. Moreover the linear inverse {Ddu)~^ satis- 
fies the uniform estimate: 

c>\{Ddu)-\ 

Notice that [(M^, cj^, J^)] must be strongly regular, while [(M- , cj-, J-)] might 
not be strongly regular. 

Proposition 3.1 Let [(Mj,a;j, Ji)] he a minimal almost Kaehler sequence. 
Suppose: 

(1) the moduli space 9Jl([(Mj, w^, Ji)]) is freely 1 dimensional, and 

(2) 9I'^([(Mi, cjj, Ji)]) is strongly regular. 

Then for any element [[{MIujI J/)]] G OT^([(Mi, a;^, Ji)]), there is Iq » 
so that the equivariant homeomorphisms: 

mi[iMlulJi)])=^Jli[iM^^^^^J^)]) 

hold for all I > Iq. 

Proof : Combining with lemma 3.1, it is enough to construct the equiv- 
ariant embeddings m{[{Ml,ujl, Jf)]) ^ 2}t([(M„a;„ J,)]) for all / > Iq. 

Let us take u G TI{MI,lo[, J^). By lemma 2.2, there are constants Ca 
independent of u so that the pointwise estimates |V"w| < Cq, hold. 

Let us regard u G fB(Mfc(j), Jfc(i)), and let U{u) be the Hilbert man- 
ifolds over UiMi as above. It follows from the uniform estimates that there 
is small 6 > independent of u so that 6 ball B§{u) C TJJ{u) can be 
regarded as an open subset in U{u). 

It follows from the strong regularity condition that for any element 
[[{MlulJl)]] G m^{[{M,,u,,J,)]), there is Iq » so that the 5^ freely 
equivariant embeddings: 

$ : mt([(M^, 4. Ji)]) ^ mt([(M,, uji, Ji)]) 
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are given into the smooth manifolds for all / > Iq (see above 2.C.2). 

Let us denote the holomorphic projection 7Tk : U{u) ^(M^, Wfc, J/j). 
Then v = 7rfc($(w)) must satisfy dj{v) = for all large k. It implies the 
equality v = $(w) for some large k, since Tl{[{Mi,iOi, Ji)]) are 1 dimen- 
sional smooth manifolds, and the injectivity radii on 9Jl([(Mj, cjj, J^)]) C 
^([(Mj, cjj, Jj)]) are uniformly bounded from below by uniform surjectiv- 
ity of Ddj. This completes the proof. 

3.C.2 Strong regularity on infinitesimal neighbourhoods: We have 
introduced a notion of quasi transitivity in 1.5.4. Such property will be 
satisfied if the automorphism group is sufficiently large. For example CP°° 
is the case. In general, regularity on an almost Kaehler sequence does not 
imply the strong one on its infinitesimal neighbourhoods. In order to guar- 
antee such property, we will require high symmetry and integrability. 

Proposition 3.2 Let [{Mi,Ui, Ji)] be a minimal and quasi-transitive al- 
most Kaehler sequence. Suppose it is strongly regular. 
Then OT™([(Mj,a;j, Ji)]) is also strongly regular. 

Proof: Let us use the notations in 3.^4. L Let U{k,l) C M = UiMi be the 
open neighbourhoods of I{k,l){Ml), and extend cj[ and as uj{k,l) and 
J{k,l) over U{k,l) respectively. 

Step 1: We verify that for any i > 0, there is a large Iq = l{i) so that 
{U{i, l),uj{ij), J{iJ)) is strongly regular at u for any holomorphic curve 
u e m{MlulJl) for all / > Iq. 

We claim that there exists v G 9Jl(Mfc(j), cj^^j), Jk{i)) which is sufficiently 
near u in ^([(Mj,cji, Ji)]). Suppose contrary. Then there exist e > and 
ui G M{Ml,iol Jl) so that e neighbourhoods Be{ui) C Q5([(Mj, cj^, J^)]) 
contain no elements in 9Jl(M/(.(i), Jk{i))- However by lemma 2.2, a sub- 
sequence must converge to a solution in Wl{Mf.^i^.,uji^(^i;^., Jk{i))- This verifies 
the claim. 

Since {U (/c, cj, J) and {U (/c, /), cj(A;, /), J(/c, /)) are uniformly near and 
since strong regularity is an open condition, this implies that the latter is 
strongly regular at u. 
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Step 2: Let us fix sufficiently large > and points mo, . . . , m^v-i £ 
S'^ with mo = 0, mi = oo. d{u{mi), u{mj)) are uniformly bounded for any 
u e m{[{Mlul 4)]) by lemma 2.2. 

Let us use the condition of quasi transitivity, and choose an automor- 
phism ^4 on M = U^Mj with respect to {pi = u^rrii)}^^ as in 1.5.4, so 
that A(pi) G Mfcg for some k^. 

Strong regularity at u is equivalent to that on Aou, which follows from 
uniformity of complete local charts. Thus by replacing uhy Aou^ one may 
assume u{mi) G Mk„ C M = UiMj. 

There is small e > independent of u so that the bounds d{Mk„^ u{m)) < 
e hold at any m G S"^ again by lemma 2.2. Let UeiMk^) C M = UiMi be the 
e neighbourhood, and tt^q : U^{M]^^) Mk„ be the holomorphic projection. 
Then by composition, the projection u' = 7Tko{u) : S'^ ^ M^^ is a small 
deformation of u, where the uniform estimates: 

\\U - u'WC < Ca 

hold by lemma 2.2. Here Ca are independent of i, I of 9Jl([(M- , cj-, 

Let dj be the C-R operator with respect to [{Mi,uji, Ji)]. Then there is 
a small constant ^ > with < S. 

Step 3: We show that Iq in step 1 can be chosen independently of choice 
of i. This is enough to verify the proposition. 

Let us choose ui G 9Jl([(M^?, a;-, J-)]) and put u'l = 7Tko{ui). By step 2, 
these family admit uniformly bounded derivatives, and ||5j(w9|| converges 
to zero uniformly as / — >■ oo. So a subsequence of u'l converges to some u 
as / — > oo and dj{u) = holds. This implies that u'l are strongly regular 
on [{Mi^Ui, Ji)] for all large / > Iq where Iq are independent of i. Then ui 
are also the same by the above uniform estimates. 

This completes the proof. 

Example 3.1: 01"^([(CP^a;i, J^)]) is strongly regular. 

Combining with proposition 3.1 and 3.2, we obtain the following: 

Corollary 3.1 Let [{Mi^Ui^ Ji)] he a minimal, quasi-transitive and strongly 
regular almost Kaehler sequence. 



51 



If the moduli space 9Jl([(Mi, cj^, J^)]) is freely 1 dimensional, then for 
any element [[(M- , cj-, J-)]] G OT™([(Mi, t^^, J^)]), there is Iq » so that 
the S-^ equivariant homeomorphisms: 

mi[iMlujlJl)])^mi[iMi,uji,Ji)]) 

are given for all I > Iq. 

Now we collect the previous results which we have induced so far: 

Theorem 3.1 Let [{Mi,uji, Ji)] be a regular and minimal almost Kaehler 
sequence. 

(1) Suppose it is isotropic and symmetric. If each connected component 
of the moduli space is hounded, then the equality holds: 

9Jt([(Mi, u,, Ji)]) = Wl{Mo, cjQ, Jo). 

In particular if the moduli space is 1 dimensional, then the above equality 
holds, which are both compact. 

(2) If it is symmetric Kaehler, then it is strongly regular. 

If moreover it is quasi-transitive, then 9T'^([(Mi, a;^, Ji)]) is strongly reg- 
ular. 

(3) Under all the conditions in (1) and (2), it follows that for any el- 
ement [[{M\,ujIJ\)]] e W{[{Mi,Ui,Ji)]), there is k » so that the S'^ 
equivariant homeomorphisms: 

^mi[iMlulJ^)])^miM^^^^^J^)]) 

are given for all I > Iq. 

4 Application to Hamiltonian dynamics 

In this section we apply theory of moduli spaces we developed so far to 
study of Hamiltonian dynamics defined by smooth and bounded functions 
over almost Kaehler sequences. 

4. A Capacity invariant: In Hamiltonian dynamics, capacity invariant 
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contains deep information on the periodic solutions and has been playing 
one of the central roles over finite dimensional symplectic manifolds. 

Let (M, u) be a closed symplectic manifold of finite dimension. We say 
that a smooth function / : M i— > [0, oo) is Hamiltonian. The Hamiltonian 
vector field Xf is uniquely defined by the relation: 

dfi )=uji ,Xf). 

A periodic solution x : [0, T] ^ M with a;(0) = x{T) satisfies the equation: 

X = Xf{x) 

and T > is called period. 

Remark Let a > be a positive number and f{x) = af{x) be the 
function multiplied by a. If x : [0, T] — )• M is a periodic solution to 
/ with period T, then :r : [0, a~^T] — )• M given by x{t) = x{at) is also a 
periodic solution to /, since the equality Xj = aXf holds. So its dynamical 
properties are scaling invariant under multiplication by positive numbers. 
Moreover the 'height' of functions is in inverse proportion to periods. 

Let us introduce an invariant over symplectic manifolds with respect to 
periodic solutions ([HZ]). A Hamiltonian function is pre admissible if there 
are open sets U,V C M with f\U = c = sup / and f\V = 0. Moreover 
it is admissible if in addition, any periodic solution is either constant or 
period T = T{x) > 1, where x : [0,T] ^ M with x{0) = x{T), and Xf is 
the Hamiltonian vector field. 

Let us denote the set of admissible functions by Ha{M,oj). Then we 
define the capacity of (M, cj) by the following: 

c{M,uj) = sup{m(/) = sup / - inf / > : / G i?a(M,a;)}. 

Let A^^ be a symplectic manifold with boundary. / : A i— >■ [0, oo) is pre 
admissible, if there is an open set U with f\U = c = sup / and it vanishes 
on some neighbourhood of boundary. It is admissible if in addition, any 
periodic solution x = Xf{x) is either constant or period > 1. We define 
the capacity by the same way over symplectic manifolds with boundary. 
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This numerical invariant satisfies some axioms of capacity. Notice that 
admissible functions always exist, since the Darboux's chart exists at any 
point, and c{D^uj) = tt where {D^u) is the standard symplectic disk. 

Let us consider the upper bounds of the invariants. Let {M^u^J) be 
a minimal almost Kahler manifold of finite dimension, and let us fix a 
minimal element a G 7T2{M). 

Let us state a basic relation between periodic solutions and holomorphic 
curves: 

Lemma 4.1 (HV) Let f : M ^ [0,oo) be a pre- admissible function. 
Then there are non trivial periodic solutions whose periods satisfy the es- 
timates 

T < m{f)-^m 

where m is the minimal invariant, if the moduli space of holomorphic curves 
with respect to a is non empty, regular, 1 dimensional and freely cobor- 
dant to non zero. 

In particular under the above conditions, the estimates: 

c(M, u) <m 

hold. This is used to estimate capacity invariants over almost Kaehler 
sequences defined below. 

4.B Asymptotic periodic solutions: Let [(M^, w^, J^)] be an almost 
Kaehler sequence. Later on we fix a uniformly bounded covering by e > 
complete almost Kaehler charts. 

Let / : M I— > R+ be a bounded Hamiltonian function and put fi = f\Mi. 
A family of smooth loops xi : [0, T^] i-^ Mi with 0:^(0) = Xi{Ti) is a periodic 
solution over [(M^,lj^, J^)], if these satisfy the equations: 

X^{t)=XJXx^{t)) 

for all < t < and i = 0, 1, . . . We will denote such a family by [xi\. 

Let [[(A£?, CJ-, J^')]] G OT([(Mi, cji, J,:)]) be an element of the infinitesimal 
neighbourhood. Let us consider a family of bounded Hamiltonians: 

fi:M^ = UiMl ^ R 
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and take a family of periodic solutions [x-] over [(M|, cj-, J^?)] with their 
periods T/. Passing through the embeddings I) : M!- "-^ M^i^, one may 
regard these loops as: 

Let TTi : Ue{Mi) Mi be the holomorphic projections. 

Proposition 4.1 Suppose [(M^, cj^, J^)] is quasi transitive, and both the 
uniform bounds hold for all a > 0; 

sup||/z||C"(M^) < Ca, snpTl < T < oo. 

I i,l 

Then there is a bounded Hamiltonian g : M = UiMi R and a family of 
automorphisms Ai over {M,lj, J) so that for some k, the family of loops 
Zi = 7ri{Ai ox-') : [0,T/*] — )• Mi satisfy the following asymptotics: 

lim sup \zi - Xg.{zi)\{t) = 0. 

Proof: Let us recall the notations in 3.A.I. 

Step 1: Let us choose a sufficiently large N and N points < = 
■^Zi^ < T for i = 0, 1, . . . , A/" — 1. By quasi transitivity, there are some k 
and automorphisms A\ over [(M^, a;^, J^)] so that: 

y\{ti) = A'^x'iiti)) e Mk 

hold for all i. By the assumption of the uniform bounds, there is small 
^ > with the bounds in M for all < t < 7^^: 

d{y\{t),Mk)<5. 

Step 2: Ml admit the embeddings /(z, I) : M- ^ M, and there are 
some open subsets: 

/(z,0(M^) C U{iJ) C M 

where U{i,l) contain e neighbourhooods of I(i, l){Ml) for some e > 0. 
Let us fix i, and consider the restrictions fi\Ml and regard them as: 

/z:/(z,/)(M/)^R. 
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We extend them as // : M ^ R as follows. Let tt\ : U{i, I) l){Ml) 
be the holomorphic projections. Let ^ : [0, e) — > [0, 1] be a cut off function 
with /i(m) = for all m > |e and /i = 1 near 0. Then we put: 

flim)^fiidim,Ml)) fiiTrlim)) 

for m e U{iJ) C M, and fl\M\U{i,l) = 0. Let us put h\ = fl o (yl^)-i. 
These families satisfy the following properties: 

(1) {h\}i^i are uniformly bounded as ||/i-||C"(M) < Ca for all a. 

(2) For h\ = hl\Mi, x\ : [0,T/] M^^i^ satisfy the asymptotics: 

lim sup\ylit)-X-^0m = O. 

(3) For the projections tti : Ue{Mi) Mi, 

\im\\yl-7r,{yl)\\C' = 0. 

Step 3: A subsequence of the family {h^i}i converges weakly to a 
bounded Hamiltonian g so that for Zi = Hiij/i)., the asymptotics hold: 

lim sup \zi{t) - Xg.{zi{t)) \ = 

t— >oo t 

by step 2 and lemma 1.3. This completes the proof. 

In the context of this paper, asymptotic analysis play one of the cen- 
tral roles in studying increasing sequences of manifolds. Proposition 4.1 
presents a motivation quite naturally to introduce some families of loops 
which approach periodic solutions asymptotically. Conversely asymptotic 
periodic solutions defined below can be regarded as though a kind of 'pe- 
riodic loops' over the infinitesimal neighbourhoods. 

Let [{Mi,LJi, Ji)] be an almost Kaehler sequence. Let [xi] be a family of 
smooth loops: 

Xi : [0, Ti\ ^ Mi 

with 0:^(0) = Xi{Ti) and z = 0, 1, . . . 

We say that [xi] is an asymptotic loop, if T = lim sup^ < oo is finite. 
We call T as the periods of the family. 
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An asymptotic loop [xj\ is small^ if < lim supj Ti <1 holds. 

We say that an asymptotic loop [xj\ is non trivial^ if uniform estimates: 

length Xi = \xi{t)\dt > S > 
hold for all large i > io = io{[xi\) and some positive 6 = (^([a;^]) > 0. 

Definition 4.1 Let f : M R+ he a hounded Hamiltonian function and 
put fi = f\Mi. An asymptotic periodic solution is an asymptotic loop [xi] 
satisfying: 

sup \xi — Xf.{xi)\{t) ^0, i ^ oo. 

Remark 4-2: (1) Trivial asymptotic periodic solutions [xi] with length Xi — )• 
0, always exist with any periods, if / attain maximum or minimum values. 

(2) Any asymptotic periodic solutions [xi] must satisfy uniform bounds: 

lim sup length Xi < oo. 

i 

(3) Suppose a family of bounded familtonians {/^} over an almost Kaehler 
sequence converges as ||/' — /||C"(M) — > for all a. Let be families 
of periodic solutions with respect to Then yi = x\ is an asymptotic 
periodic solution with respect to /. 

4.B.2 Comparison with periodic solutions: Let us compare asymp- 
totic periodic solutions with exact solutions. 

Let us say that an asymptotic periodic solution [xi\ is exacts if xi are 
periodic solutions: 

Xi - Xf.{xi) = 

to the restrictions f\Mi for infinitely many i. 

There are almost Kaehler sequences and bounded Hamiltonians over 
them so that there are no exact priodic solutions but do exist asymptotic 
periodic solutions. 

Example 4-1 ■ Let Ni = (T^jCjj) be a family of symplectic tori, where: 
uj = dxQ A dyo + dxi A dyi + aidxo A dxi 



57 



with tti — > 0. If we choose cii = with rii^mi — >■ oo, then any non 
trivial periodic solutions with respect to, say /(x, y) = cos(27rxo) must 
have divergent periods as z — > oo. 

In particular the almost Kaehler sequences: 

Mi = iNoX---xNi,uJo + ---+uJi) 

certainly admits asymptotic periodic solutions with the period 1, with 
respect to the bounded Hamiltonian: 

/(xo, I/O, xi, 1/1, . . . ) = cos(27ra;o) 

but they do not admit any periodic solutions. Here we embed Mi M^+i 
by (zo, ...,Zi)^ {zq, . . .,Zi,0). 

4.C Capacity functions over almost Kaehler sequences: In this 
section we introduce 3 variants of capacity invariants: 

cap. As- cap, C 

over almost Kaehler sequences, cap is the most standard one and extends 
the finite dimensional case directly. As-cap and C both arose by looking 
at 'infinitesimal stabilizations' of cap. We verify that in some case they 
coincide each other. 

4.C.1 Capacity on almost Kaehler sequences: Let f : M ^ [0, oo) 

be a bounded Hamiltonian over an almost Kaehler sequence [(M^,^^, J^)]. 
We say that / is pre admissible, if there exist open sets U,V <Z M with 
/|t/ = sup/and/|y = 0. 

Let us say that / is admissible, if it is pre admissible, and for any non 
trivial asymptotic loops [xj], if it consists of periodic solutions Xi : [0, Tj] — >■ 
Mi with respect to the restrictions = /|Mj : Mj ^ R for all i > io > 0, 
then thier periods satisfy the bounds: 

T{xi) =Ti>l. 

Let [{Xi,Ui, Ji)] be an almost Kaehler sequence with boundary dX = 
UidXi with dXi C dXi+i. A bounded Hamiltonian / : UiXi [0, oo) is 
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pre admissible^ if there is an open set U C V^iXi with f\U = sup/, and 
f\V = holds on ^ > neighbourhood V of the boundary dX C V for 
some positive 6 = 6{f) > 0. We say that / is admissible, if it is pre 
admissible and satisfies the above property. 

Let us put the set of admissible functions by Ha{[{Mi,0Ji, Ji)]). Recall 
m{f) = sup / — inf / > 0. 

Definition 4.2 The capacity function cap is defined by: 



cap takes values in R+ U {+00} . 

Proposition 4.2 Let [{Mi,uji, Ji)] be a minimal almost Kahler sequence 
with a fixed minimal element a G 7r2(M) with m =< uj,a >. 
Then the estimates: 



hold, if the moduli space 9Jl([(Mj, cjj, Jj)]) is non empty, regular, has 1 
dimensional and freely cobordant to non zero. 

Proof: Let / : M — )• R be pre admissible, and : — )• R be its 
restrictions. It is enough to check that there is a family of periodic solutions 
Xi'. ^ Mi with the properties: 

(1) their periods satisfy uniform lower bounds T{xi) > 5 > from below, 

(2) they consist of non trivial asymptotic loops with length Xi> 5' > 0. 

By lemma 4.1, periodic solutions Xi : ^ Mi exist certainly. In fact the 
construction by [HV] with the proof of lemma 2.2 verifies the above two 
properties for these periodic solutions. We outline the proof below. 

Let B^{pq), B^{poo) C M = U,M, he fi > balls so that f\B^{po) = 
and f\B^{poo) = sup/. 

Step 1: For c > 0, there exist e > so that for any sq and solution (A, u) 
to the equation {fi)\{u) = as in [HV] (2.12) on page 599 with: 



cap{[{Mi,uji,Ji)]) = Sup{m{f) : / G i^a([(M„ a;,, J,)])}. 



cap{[{M^,uj^, Ji)]) < m 




w((-oo. So] X S^) n B^{p^Y ^ 
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then the lower estimates hold: 

The proof goes by the same way as [HV] in lemma 3.1, where we intro- 
duce minor modifications of the arguments in order to induce the uniform 
bounds as above. 

Let us consider smooth maps 7 : 5^ — )• B^{po) with the bounds length 
Xsi ItI^ < c for a constant c > 0. Let us regard 7 : 5*-^ — > B^ipo) C H as 
maps into the Hilbert space, and consider pQ — ^ : ^ H . We claim that 
for any ^ > 0, there is a constant r = r(^, c) so that if | |i?o ~7| ^ then 
diam 7 < ^ hold. The argument in [HV] j9608 almost works except that 
we are concerning maps into infinite dimensional spaces, and so we cannot 
use the maps themselves directly to apply the Ascoli-Arzela Theorem. We 
just modify the argument by replacing J^o — 7 by the functions Ipo — 7| '■ 
— > [0, 00) by taking the pointwise norms. 

Let 7/t : — > i?^(j9o) ba a family of smooth maps with the uniform 
bounds Js^ Ijkl"^ < c. By the compact embedding Ll{S^) ^ C^{S^) be- 
tween the real valued functional spaces, if \po — jk\ '• — ^ [0, 00) converges 
to zero in L^, then they must also converge to zero in C^. In partucluar 
the diameters of {'yk}k also converge to zero. This is enough to conclude 
the claim. 

Let us introduce the inifinite dimensional Poincare lemma, which states 
if a closed form on a ball in the Hilbert space satisfy bounds, then one 
can find its primitive form which lies in the dual space of vectors. Let: 

u = S^>j>o ttijdxi A dxj 

be a closed form on B^{pq) with the uniform bounds | \aij\\C^{Bf^{pQ)) < C. 
Then the primitive 9 with d9 = uj is given by the one form: 

9 = Sj>j>o ( a^j{tx) t dt) Xi dxj 

which satisfies d9 = uj and is clearly one form. 

As a result there is a constant c with the estimates | /7*(^)| < cj I7P 
for any loops 7 : 5^ — )■ B^ipo) by the Cauchy-Schwartz estimate. 
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Step 2: There are uniform constants Ca so that any solutions (A, u) to 
the equations {fi)\{u) = satisfy uniform bounds ||m||C"(S'^) < Cq,. This 
is verified by following the argument in [HV] except taking the limit to 
obtain holomorphic spheres, where instead we use a similar method as the 
proof of lemma 2.2 particularly step 4. 

The rest of the arguments are also parallel again by use of a similar 
method as step 4 as above. This completes the proof. 

4.C.2 Asymptotic capacity: Below we introduce two stable versions of 
the capacity function. Let / : M ^ [0, oo) be a bounded Hamiltonian. Let 
us say that / is as-admissible, if it is pre admissible, and any non trivial 
asymptotic periodic solution has its period: 

liminfT(xj) > 1. 

i 

Similarly we define as- admissibility for bounded Hamiltonians on almost 
Kaehler sequences with boundary. 

Let us put the set of as-admissible functions by Hg,si[iMi,oJi, Ji)]), and 
we define the asymptotic capacity: 

As-cap([(Mi,a;i, Ji)]) = Sup{m(/) : / G HUiiMi^Ui, Ji)])}. 

As-cap also takes values in R+ U {+oo}. Notice that a-priori estimate: 

As-cap([(M„t^i, Ji)]) < c&p{[{Mi,Ui, Ji)]) 

holds. 

4.C.3 Capacity over infinitesimal neighbourhoods: Let us introduce 
the geometric version of stabilized capacity function which is formulated 
by use of the infinitesimal neighbourhoods. 

Let [{Mi,iJi, Ji)] be an almost Kaehler sequence. The capacity invariant 
over infinitesimal neighbourhoods are defined by: 

C"^([(M„a;, J,)]) = sup{ limsup cap([(Mi, o;^, 4)]) : 

Notice that a priori estimates hold: 

As-cap < cap < C"" 
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Theorem 4.1 Let [(M^, w, J^)] be a minimal, isotropically symmetric and 
quasi transitive Kaehler sequence, with a fixed minimal element a G tt2{M). 

If the moduli space of holomorphic curves is non empty, regular, 1 di- 
mensional and freely cobordant to non zero, then the estimate: 

C'^[[[Mi,uJi,Ji)])<m 

holds, where m =< uj,a >. 

Proof: Strong regularity holds since it is a regular and symmetric Kaehler 
sequence. Then OT"^([(Mi, cj^, J^)]) is strongly regular since it is minimal 
and quasi-transitive. For any [[(M^^, w-, J-)]] G OT'™([(Mi, cj^, J^)]), there is 
large Iq so that for all / > Iq, the moduli spaces over [(M-,cjj, J-)] are all 
homeomorphic to the one over [{Mi^Ui, Ji)] by proposition 3.1. 

Then the estimates cap([(M^^, w-, J-)]) < m hold by combining with these 
with lemma 4.1. This completes the proof. 

So far we have introduced three versions of the capacity invariants. We 
would like to propose: 

Conjecture J^.l: Let [(M,, cj,;, Ji)] be a Kaehler sequence. Under the condi- 
tions of theorem 4.1, the equalities hold: 

As-cap([(M,,a;,, J,)]) = cap([(M,, a;,, J,)]) = C-([(M,,a;,, J,)]). 
We verify the equalities for both the infinite unit disk and CP°° below. 

4.D Examples: Here we estimate the values of capacities over some con- 
crete cases. These include infinite dimensional disks, infinite projective 
space and infinite tori. 

4.D.1 Infinite disks: Let C R^* be the standard unit disks, and [D^*] 
be the standard Kaehler sequence with [JiD'^' C B?^. 
Let us fix A/" > 1 and put the infinite products of D'^^: 

L> = L>2^ X L>2^ X . . . , 

D{i) = D^^ X • • • X D^^ CD (z times) 

where we embed D{i) C D{i + 1) by (mi, . . . , mi) — )• (mi, . . . , m^, 0). 
Here we verify the following equalities: 
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Proposition 4.3 Let Cap be As-cap or cap. Then the equalities hold: 

C^([CP^]) = Cap([CP*]) = Capi[D^']) = it. 
Proof: We split the proof into three cases: 

(1) TT > C^iiCP']), (2) As-cap(CP°°) > As-cap([i:>2z]) > ^_ 

The proof of (2) is postponed to the following lemmas below. 

Let us consider (1). CP°° is minimal with m = ir, since it has 7r2-rank 
1 and the embedding CP^ C CP°° is holomorphic. It is isotropically 
symmetric by Examples 1.4 and quasi transitive by lemma 1.7. 

It is strongly regular by example 2.2, whose moduli space is homeomor- 
phic to which is freely cobordant to non zero. 

So all the conditions in theorem 4.1 are satisfied, and so (1) follows. 

Lemma 4.2 As-cap{[D{i)]) > As-cap{[D'^']) > tt. 

Proof: The first inequality is clear, since there are compatible embeddings 
jj2iN ^ D{i). So we will consider the second one. 

We follow a parallel argument to [HZ] p72. Here one needs to be careful 
about treating asymptotic solutions. 

In [HZ], c{D'^^) = tt is verified for any i. In fact the following is shown; 
let / : [0, 1] I— > [0, tt] be any function satisfying: 

(1) 0<-f <7r-^, ^>0, 

(2) f{t) = 7T-6',t^0,6' >0 and f{t) = 0,t^l. 

Then F : D^' ^ [0, tt] gives an admissible function on D^^ by F{x) = 
Let us put F : U^D^* i— > [0, tt] by the same way, which is a bounded 
Hamiltonian. We claim that F is as-admissible in our sense. Let us take 
any non trivial asymptotic periodic solution [xi\. By the definition, this 
family satisfies: 

I Jx, + VF{x,)\C^ = \Jxi + 2f{\x,f)xi\C^ 0. 

Let us put G{x) = Then one has the uniform estimate: 

^G{xi{t)) =< VG,Xi >~< VG.JVF > {xi{t)) = 0. 
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Thus there is a constant < a < 2(7r — 6) with sup^ |2/'(|xj(t)|^) + a| — > 0. 

Let us put Qi = —2/'( 1x^(0) p) with — >■ a. For ?/j = exp{—aiJt)xi(0), 
the family consists of a periodic solution. Then sup^ \yi{t)—Xi{t)\C^ — >■ 
hold since the Hamiltonian vector field is uniformly Lipschitz (of completely 
bounded geometry). It also implies sup^ \yi{t) ~ Xi{t)\C^ — > 0, since they 
are (asymptotic) solutions. So hm^ T{xi) > 1 follows since T(yi) > 1 -\- 6' 
hold for some 6' > 0. This completes the proof. 

Lemma 4.3 As-cap{CP°^) > As-cap{[D^']). 

Proof : There are standard symplectic embeddings D^^ ^ CP^ from the 
unit disks. Let Ji be the induced almost complex structure, which is 
different from the standard one Jo on D^^. Thus the induced Riemannian 
metrics on are not standard. Recall that as- admissibility of bounded 
Hamiltonians involves asymptotic behaviour of loops by the Riemannian 
norms. However this does not cause any problem for us, since we use 
bounded Hamiltonians over Ui-D^* which vanish near boundary, and so the 
induced Riemannian metrics are uniformly equivalent to the standard one 
on the support of / in the following sense. Let us choose any pre-admissible 
Hamiltonian / on Ui-D^* with respect to Ji. One may assume that for any 
small /I > and any non trivial asymptotic periodic solution [xi], there is 
a large io so that Supp Xi are all contained in /j, neighbourhoods of Supp fi 
with fi = for all i > io. Then there is an equivalence of the induced 

Riemannian metrics, C~^\ \o < \ |i < C| |o, where C depends only on 
d{d Ui D^^, Supp /). Thus if [xi] is an asymptotic periodic solution for 
Jo, then it is also the case for Ji. The converse is the same. Thus the 
inequality As-cap(CP°°) > As-c&-p{[D^']) > tt follows. 
This completes the proof. 

Let us see how the capacity invariant behave under small perturbation 
of the forms. Notice that the argument below works only for the products 
of disks. The situation is completely different for the torus case. 

Sublemma 4.1 Let us fix i and let lj' be a symplectic form on D{i) which 
is sufficiently near the standard form uj. Then the values of capacity 



64 



c{D{i),uj') ~ c{D{i),Lo) are sufficiently near from each other. 

Proof : This follows from the Darboux-chart construction. Let us denote 
D,{8) = D'^^{6) X • • • X L)2iV(J), where D^^{6) is the 27V dimensional 6 disk. 
It is enough to find small e > with e ^ as a;' ^ a;, and symplectic 
embeddings: 

/ : (A(l -e),uj)-^ {D{i),u'), I' : (A(l - e),u') {D{i),u). 

The constructions of these are parallel, and we will check the first case 
only. 

Let us find a diffeomorphism ip : D = A(l — e) ^ D{i) with (p*{uj') = to. 
Let us put LOt = CO + t{u' — u) for t G [0, 1]. By the assumption, all cot give 
symplectic forms. We will find a smooth family of diffeomorphisms ipt '. 
D ^ D{i) given as the flow of vector field Xt, and satisfying ^liyJt) = UJ. 
The last equality is equivalent to d{ixt(^t) + co — uj' = 0. 

By the Poincare lemma, there is a smooth one form A on D{i) with 
CO — u' = dX and A(0) = 0. The pointwise norm of A will be sufficiently 
small. Then we choose unique Xt satisfying uJt{Xt, ) = — A and ^^(0) = 0. 
Thus \Xt\ is also small pointwisely. In particular the flow of Xt exists for all 
< t < 1 with image in D{i), if we start from any point]? G D = Di[l — e). 
Thus we have obtained the desired cpf This completes the proof. 

4.D.2 Based admissibility: Let us equip the standard metric on D = 
UiD{i) C R°°, and let f : D ^-^ [0, oo) be a smooth and bounded function. 
We say that a non trivial asymptotic periodic solution [xi] is based, if 
{|a:,;|C"^(S'^)} is uniformly bounded, and there is some io > 1 so that lim 
infj length PiQ{xi) > 0, where: 

P,^:D = D^''xD^''x---^ D{io) = x . . . (iotimes) 

are the projections. We will say that / is based admissible, if any based 
asymptotic periodic solutions [xj] satisfy lim inf^Tj > 1. 

Let us construct based admissible functions by taking infinite products 
of some / : D'^^ i— > [0, 1]. Let us choose a smooth function g : [0, 1] [0, 1] 
such that for some positive small J, e > 0: 

(1) 0<-g'<l + 6, (2) g\[0,e] = l, p|[l-e,l] = 0. 
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Then we put / : D"^^ i— > [0, 1] by f{p) = g{\p\'^). f is admissible by the 
proof of lemma 4.2. For convenience, let us assign index on each term: 

We also denote /i, /2, • • • where all fi are the same / and we regard fi as 
functions on D'^^ . Let us put: 

F = /i/2.../r--:^^[0,l], 

F, = /i.../,:D(z) = Drx...i)r^[0,l] 

where fifj imply the pointwise multiplications. Notice F(0) = 1 at G -D. 
We claim that F is based admissible. In fact, the Hamilton vector field is: 

Xf = A/s • • • ^/i + /1/3/4 • • • + fif2f4.h ■ ■ ■ + • • • 
= GiXf^ + 6^2^/2 + • • • 

Gi take the values in [0, 1]. 

Let us take a based asymptotic periodic solution and denote its 
period T = lim inf^T(Z(i)) > 0. Let us fix {q, and denote by li as the 
projection of on Df^ component. Then both the convergences: 

\im\k-Gi,Xf.\C' = 0, ]im\l(i)-XF\G' = (*) 

I I 

hold. One may assume liminf^ length li > 0. 
The following shows F is based admissible. 

Sublemma 4.2 The periods T{li) of k are larger than 1 for large i. 

Proof : We will use the properties that each fi is admissible on Df^ and 
Gi takes values less than 1. By choosing a subsequence, the family 
converges to loo in C^{Df^). Let us put gi = GiJ{l{i){t)) : [0,r(/(i))] ^ 
[0, 1]. Then also a subsequence of {gi}i converges to g : [0, T] 1-^ [0, 1] in 
C° by (*). Thus {li}i converges in fact in C^{Di^) topology. 

Now the equality loo{t) = g{t)Xu„ holds. Then there is a small (5 > so 
that g{t) > 6 hold, since loo is non trivial. Let us regard it as the periodic 
function : M ^ (0, 00). 
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Let us solve the ODE a : [0, T] ^ M satisfying a{t) = g^^{a{t)) with 
a(0) = 0. Then put : [0, T] ^ Dfj^ by /'(t) = /oo(a(^)), which satisfies 
the equation i'{t) = g-\a{t))i^{a{t)) = 

The image of ^ consists of the loop, and there is some < T' <T with 
l'{0) = l'{T'), since > 1 for all Since fi^ is admissible, it follows 
T > T' > 1. This completes the proof. 

4.D.3 Infinite tori: Let T^°° = [(T^",a;, J)] be the standard tori. We 
verify the following: 

Proposition 4.4 C{[{T^'',iJ, J)]) = oo 

Proof : Let us consider the standard torus embeddings: 

Let us choose small real numbers ai,a2 G R. Then one has a family of 
symplectic structures on by: 

0^2) = dx2 A (ixi + dx4^ A (ixs + aicixs A dx2 + a2C^a;i A dxs. 

Sublemma 4.3 (Z, see HZ) Suppose {ai,a2) G Z5 irrational. Then 
the corresponding symplectic manifold {T^,uj{ai, a2)) has infinite capacity. 

Proof of lemma: Let us choose ai as above, put the corresponding form 
by uj{ai) = uj{ai,a2) and to = c<;(0,0) be the standard form on T^. Then 
we have a symplectic sequence: 

T^°°(ai,a2) = (T^a;(al,a2)) x (T^a;) x (T^a;) x ... 
T^"(ai,a2) = (^^w(al,a2)) x x ••• x (T^a;) (n times). 

Let {T^, LJ, J) be the standard Kaehler structure. Since uj{ai, 0^2) JV) > 
take positive values for V {ai are small), one can construct another 
J' which is compatible with Lu{ai,LU2) and is near J. Thus {T'^,Lj{ai), J') 
gives another almost Kaehler data which is sufficiently near the standard. 

Let us choose families of pairs {a[,a2) and the compatible almost com- 
plex structures as above so that a- ^ and ^ J as / — )• 00. 
Then we have a convergent family of product almost Kaehler sequences 
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{[T'^'^,Lj{a[,i02), J^)]}i where we choose smooth embeddings T"^" ^ T^" by 
the identity for every n. So the family gives an element: 

[[rra;(ai,4),jO]]GOT([(Tra;,J)]). 

Thus it is enough to see cap{[T'^'^,Lu{a{,uj2), J^)]) = oo. By sublemma 4.3, 
there are admissible functions / : {T'^,io{a[,uj2)) i— > R with sufficiently 
large m{f). f induce the bounded Hamiltonians on [T'^''\u{a{,U2), J^)], 
which are also admissible over [T'^''\io{a[,i02), J^)]- This implies that the 
capacity is infinite. This completes the proof. 

5 Completion of spaces 

In this section we extend the class of the maps we treat to loops over 
almost Kaehler sequences. 

5. A Completion of spaces: Let [{Mi,uji, Ji)] be an almost Kaehler se- 
quence, and take two e complete almost Kaehler charts: 

^iPi):Di€) = Dp^cMUj>oMj 

for i = 1,2 and D{e) C M.°°. Let us denote the completion of D{e) by 
D{e) C H where H is the Hilbert space obtained by completion of R°° 
with the standard metric. 

Let us introduce an equivalent relation as follows. Two points 2:1, ^2 G 
D{e) are equivalent, if there is a sequence: 

{mi, m2,...}cDp^n Dp^ C M 
so that the corresponding two sequences: 

< = ^{Pi)~\mk) C D{e) 
converge to zi and 22 in D{e) respectively. 
Definition 5.1 The completion of M = UjMj is defined by: 

M C M = Jl D{e)/ ~ . 
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The set of points at infinity consists of: 



DM = M\M. 



Lemma 5.1 Suppose [(M^, cjj, Jj)] is an almost Kaehler sequence. Then 
M admits the structure of a Hilbert manifold. 

Proof: This follows from lemma 1.8. This completes the proof. 

Notice that by definition, any bounded Hamiltonian / : M ^ R extends 
to a smooth and bounded function / : M — > R. 

Later on we assume that M admit the Hilbert-manifold structure. Let 
U^{Mk) C M be the e neighbourhoods of M^. We denote their completions 
by Ue{Mk) C M. Then the holomorphic maps are extended as: 



5.B holomorphic curves: Let us introduce the Sobolev spaces of 
maps into the completed spaces. Notice that in order to define the full 
Sobolev spaces, one has to use cut off funcions over the local charts, which 
play the role of the locally finite partition of unities in the finite dimensional 
setting. In our situation the Sacks-Uhlenbeck's estimates allow us to obtain 
uniform norms which is necessary to perform analysis of the moduli spaces 
we study. 

Let us take small 6 > and choose ^6 net which is consisted by finite 
set of points {xi, . . . , Xm} C 5^. Let Bi(6) C S'^ he 6 balls with the center 
Xi, so that . . . , Bm{^)} consists of an open covering of 5^. Let us 

choose a smooth function : Bi{6) [0, 1] and have a partition of unity 



Let ipi : D{e) = Dp^ C M be complete almost Kaehler charts for finite 



TTk : UeiMk) Mk. 



by: 




xe dB,{5) 

1 xeBi{^ 



sets {pi 



. . . , Pm] C M. Let Uq : 5^ 



— )• M be a map with: 



uo{Bi{6)) C D, 



Pi 
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such that piUo G L'i^i{Bi{S) : D^). Then we obtain the function spaces 
around uq defined by: 

where we equip with the norms: 

These spaces admit the Hilbert manifold structure on small neighbour- 
hoods of Uq. 

Remark 5.1: One will be able to obtain the globally defined function spaces 
as Hilbert manifolds by use of the infinite dimensional version of the Levi- 
Civita connection ([Kl]). 

With the fixed data {x^jj, we define the function spaces: 

Let us introduce the functional spaces which are parallel to section 2. 
We define the spaces of Sobolev maps: 

^ = {ueL]^^[S\M):[u]=a, 
f 1 

Jd{i) = 2 < >' ^(*) = i>* e Mo, * e {0, oo}}. 
Let E{J), F X M he vector bundles whose fibers are respectively: 

E(J)(z, m) = {(j) : TzS'^ i— >■ T^M : anti complex linear map}, 
F{z, m) = {0 : T^S^ ^ T^M : linear}. 

Then we have the Hilbert bundle and the Cauchy-Riemann operators: 

e = L?(^*(E(J))) = U,esM X ^{u*{E{J))), 

Lemma 5.2 There is m determined only by [{Mi,uji, Ji)], and for any I 
there is e = e{l) > so that e neighbourhoods of any holomorphic curves 
u : ^ M with u{0) = po and u{oo) = p^o, admit the Hilbert manifold 
structures in L^^]^(S'^, M; {pi}^i) where pi = u{xi). 
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Proof: This follows from lemma 2.2 since the restrictions satisfy u : Bi{6) 
Dp. if J > is sufficiently but uniformly small. This completes the proof. 

Now let us define the moduli space of holomorphic curves by: 

Wl{a, M, J) = {ue C°°(5'2, M) n 05 : dj{u) = 0}. 

A priori inclusions hold: 

mt(a,M,J) C mt(a,M,J) C ^(a,M,J). 

As before let us say that J is regular, if the linealizations Ddj{u) : 
TyOS 1-^ are onto for all u G dK. 

Proposition 5.1 Let [(M^, cjj, J^)] he a minimal and isotropic symmetric 
Kaehler sequence. 

If the moduli space of holomorphic curves is non empty, regular and has 
freely 1 dimension, then the equality holds: 

Wll{a,M, J) = m{a,M, J). 

Proof: It follows from lemma 2.2 that for any u G Wl{a, M, J), there is 
some k so that the image of u lies in e neighbourhood of M^. 

Let TTfc : Ue{Mk) — )■ be the holomorphic projections. Then Uk = 
TTk o u : 5^ — )■ Mk are also holomorphic curves. By proposition 2.2, the 
moduli spaces are strongly regular at Uk- Since Wl{a, M, J) is compact by 
lemma 2.8, Uk must be the unique holomorphic curve mod action, in 
small neighbourhoods of Uk- So u = Uk must hold. 

This completes the proof. 

5.C Hamiltonian diffeomorphisms: Let [{Mi,Ui,Ji)] be an almost 
Kaehler sequence, and take a bounded Hamiltonian f : M = UiMi — > R. 

Let us choose a uniformly bounded covering {(f{p) : D(e) = UjZ^^*(e) ^ 
UiMi}p(zM- By pulhng back as if{py{f) : D{e) — > R, let us regard the 
restriction of the differential df as the one form over D{e). 

The Hamiltonian vector field Xf over D{e) is defined as the unique vector 
field which obey the equality: 

dfiY) = ujiXf, Y) 
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for any vector field Y of completely bounded geometry over D{e). It follows 
from lemma 1.8 that Xf is in fact determined globally over M = U^Mi. 
The following holds by applying the existence and uniqueness of ODE with 
infinite dimensional targets: 

Lemma 5.3 Let [{Mi,uji, Ji)] be an almost Kaehler sequence, and Xf he 
the globably defined vector field over M as above. Then: 

(1) There is the parametrized diffeomorphisms as its integral: 

Dt-.M^ M. 

(2) Let U d M he an open subset, and f : Dt{U) — )• R 6e pre admissible. 
Then the induced function D^{f) : U is also the case. 

We call D = Di 8iS the Hamiltonian diffeomorphisms. 

Proposition 5.2 Let [(Mj, cjj, J^)] be an almost Kaehler sequence. Let us 
take a bounded Hamiltonian f : UiMi R with the Hamiltonian diffeo- 
morphisms D : M = M . 

Let U C M be an open subset. Then we have the equality: 

As-cap{U) = As-cap{D{U)). 

Proof: Let / : D{U) — > [0, oo) be an as-admissible function, and consider 
the puU back D*{f) : [/ ^ [0, oo). 

Let Xf and Xjj*(^f^ be the Hamiltonian vector fields over D(U) and U 
respectively. Then the push forward satisfies the equality: 

D,{XD*if)){m) = Xf{D{m)) 

for m E U. 

Let Xi : [0, T^] U he a non trivial asymptotic periodic solution to 
£>*(/). It follows from the above equality that D{xi) : [0,Ti] D{U) 
must satisfy: 

SMY>\D(xi)-Xf{D{xi))\{t)^Q 

as i — )• oo. 
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Notice that the images of D( X-I^ are certianly contained in M, but may 
not in UiMj. Let Hk '■ U^{Mk) be the family of holomorphic projec- 

tions in definition 1.3. 

For each i, there are some ki so that the followings hold, since UjMj is 
dense in M: 

(1) the image of D{xi) are contained in Ue{Mk^)^ 

(2) supi \D{xi) - T^kXD{xi))\ ^ as i ^ oo. 

One may assume ki < ki+i for all i. Let us put another family of non 
trivial asymptotic loop: 

yi = TTkXDixi)) 

for ki < I < ki+i — 1. Then yi : [0, Si] Mi is also an asymptotic 
periodic solution to /, and so liminfTj = liminf/S'/ > 1 must hold by 
as-admissibility of /. So D*[f) is also admissible. 

In particular we have the inequality As-cap([/) > As-cap(D([/)). The 
same argument gives us the converse inequality. So we must have the 
equality. This completes the proof. 
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